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Abstract. Connections established during last century
between bond length, radii, bond strength, bond valence
and crystal and molecular chemistry are briefly reviewed
followed by a survey of the physical properties of the
electron density distributions for a variety of minerals and
representative molecules, recently generated with first-principles local energy density quantum mechanical methods.
The structures for several minerals, geometry-optimized at
zero pressure and at a variety of pressures were found to
agree with the experimental structures within a few percent. The experimental Si––O bond lengths and the
Si––O––Si angle, the Si––O bond energy and the bond critical point properties for crystal quartz are comparable with
those calculated for the H6Si2O7 disilicic acid molecule,
an indication that the bonded interactions in silica are largely short ranged and local in nature. The topology of
model experimental electron density distributions for first
and second row metal M atoms bonded to O, determined
with high resolution and high energy synchrotron single
crystal X-ray diffraction data are compared with the topology of theoretical distributions calculated with first principles methods. As the electron density is progressively
accumulated between pairs of bonded atoms, the distributions show that the nuclei are progressively shielded as the
bond lengths and the bonded radii of the atoms decrease.
Concomitant with the decrease in the M––O bond lengths,
the local kinetic energy, G(rc ), the local potential energy,
V(rc ), and the electronic energy density, H(rc ) ¼ G(rc ) þ
V(rc ), evaluated at the bond critical points, rc , each increases in magnitude with the local potential energy dominating the kinetic energy density in the internuclear region
for intermediate and shared interactions. The shorter the
bonds, the more negative the local electronic energy density, the greater the stabilization and the greater the shared
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character of the intermediate and shared bonded interactions. In contrast, the local kinetic energy density increases with decreasing bond length for closed shell interactions with G(rc ) dominating V(rc ) in the internuclear
region, typical of an ionic bond.
Notwithstanding its origin in Pauling’s electrostatic
bond strength rule, the Brown-Shannon bond valence for
Si––O bonded interactions agrees with the value of the
electron density, r(rc ), on a one-to-one basis, indicating
that the Pauling bond strength is a direct measure of r(rc ),
the greater the bond strength, the more shared the interaction. Mappings of the Laplacian, the deformation electron
density distribution and the electron localization function
for several silicates are reviewed. The maps display hemispherical domains ascribed to bond pair electrons along
the bond vectors and larger kidney-shaped domains ascribed to lone pair electrons on the reflex sides of the
Si––O––Si angles. In the case of the nonbridging Si––O
bonded interactions, the O atoms are capped by mushroom shaped domains. With few exceptions, the domains
agree in number and location with those embodied in the
VSEPR model for closed-shell molecules, defining reactive sites of potential electrophilic attack and centers of
protonation. The electrophilicity of the O atoms comprising the Si––O––Si bonded interactions in coesite is indicated to increase with decreasing angle, providing a basis
for understanding the protonization of the structure.
The shapes and arrangements of the bond and lone pair
features displayed by the bridging O atoms in quartz and
and the nonbridging O atoms in forsterite are transferable
on an one-to-one basis to sheet and chain magnesiosilicates that possess both bridging and nonbridging O atoms.
The G(rc )/r(rc ) ratio increases for each of the M––O
bonds along separate trends with decreasing bond length
and the coordination number of the M atom, suggesting
that the ratio is a measure of bond character. An examination of the interactions in terms of the jV(rc )j=G(rc ) ratio
indicates that the Li––O, Na––O and Mg––O bonds are
closed shell ionic interactions, that the C––O bond and one
of the S––O bonds is shared covalent and that the Be––O,
Al––O, Si––O, B––O, P––O and S––O bonds are intermedi-
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ate in character. It is noteworthy that the classification closely parallels Pauling’s classification based on the electronegativity differences between the M and O atoms.
Bond critical point properties calculated for Ni bearing
sulfides and high and low spin Fe bearing sulfides are discussed. The properties correlate linearly, as observed for
the M––O bonds, with the experimental bond lengths, the
shorter the bond lengths, the greater the r(rc ) and r2r(rc )
values. The high and low spin Fe––S data scatter along
parallel but separate trends with the values of r(rc ) and
r2r(rc ) for a given low spin Fe––S bond length being
larger than those calculated for a given comparable high
spin Fe––S bond length. The properties of the Ni––Ni
bonded interactions calculated and observed for the Ni
sulfides are virtually the same as those calculated for bulk
Ni metal. No bond paths were found between the Fe atoms
of the face sharing octahedra of troilite. The experimental
bond critical point properties for the Ni sulfide heazlewoodite, Ni3S2, are in close agreement with those calculated.
The jV(rc )j=G(rc ) ratio indicates that the Fe––S, Ni––S and
Ni––Ni bonded interactions are intermediate in character.
The successful reproduction of the bond lengths and angles for several silicates, the comparable properties of the
electron density distributions and the location of sites of
potential chemical reactivity recounted in the review bodes
well for the exploitation of the properties of minerals and
the deciphering of crystal chemical problems, using first
principles computational quantum chemical strategies.

Introduction
‘If in some cataclysm, all of scientific knowledge were destroyed, and only one sentence was passed on to the next
generation of creatures, what statement would contain the
most information in the fewest words? I believe it is the
atomic hypothesis that all things are made of atoms –
little particles that move around in perpetual motion, attracting each other when they are a little distance apart,
but repelling upon being squeezed into one another.’ Richard P. Feynman [1]
If our understanding of minerals in their natural environments together with their crystal chemistry and physical
properties and their manifold uses in the manufacture of
glasses, molecular sieves, ceramics, catalysts and electrical
devices are to be improved, then it is important that a
working knowledge of the bonded interactions at the
atomic level be realized. This is particularly true if the
properties are to be fully exploited and their uses further
implemented. Of the physical properties that depend in
some way on the bonded interactions, only a handful can
be uniquely identified with an individual bonded interaction. Among these, bond length is special in the sense that
it provides an unique measure of the strength of a bond,
the greater the accumulation of the electron density in the
binding region, the shorter and the stronger a given bond
[2]. With the recent invention of short wavelength, high
intensity synchrotron single crystal X-ray diffraction
sources with discriminating area detectors, relatively accurate data can now be determined and an even more robust
physical property, the electron density distribution, can
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likewise be determined in a more accurate way and used
in the modeling and study of the individual bonded interactions. The electron density distribution is a property of
“extraordinary” importance in that it contains in principle
all of the information that can be known about a ground
state material like a mineral or a representative molecule,
including the kinetic, potential and total energies [3]. Indeed, studies of bond lengths and electron density distributions have played a key role in the development of a
bonding theory and the crystal chemistry of minerals [4–
10]. Although these studies have done much to advance our
knowledge and understanding of the bonded interactions,
our grasp of the crystal chemistry and the physical properties of minerals is still far from complete. In an important
step in the advancement of our understanding of crystal
chemistry, Bader and his colleagues [2] forged a powerful
and widely used theory during the last part of the 20th century for classifying, characterizing and determining the
bonded interactions for a wide variety of materials, including minerals in terms of the topological and physical properties of their electron density distributions, the local energy
density properties and the bond length variations.
The topological and physical properties of the electron
density distributions determined since the latter part of last
decade for a variety of minerals and representative molecules will be explored in this review in terms of (1) the
degree to which the properties of the experimental electron
density distributions agree with those calculated with first
principles quantum mechanical chemical methods, (2) the
correspondence between the structural properties of a
mineral and the physical properties of the electron density
distribution, (3) the connection between the local kinetic
and potential energy properties of the bonded interactions
as embodied in the local virial theorem, bond length and
the stabilization of the bonded interactions, (4) the extent
to which bond lengths and angles of a mineral determined
with first principles methods agree with those determined
experimentally, (5) whether a mapping of the electron density distribution and the electron localization function is
capable of locating sites of potential electrophilic attack
and protonization and prediction of the positions of the H
atoms, (6) whether the bond lengths and angles and the
electron density distribution calculated for a silicate crystal
like quartz agree with those calculated for representative
molecules and finally (7) whether the bonded interactions
of minerals can be classified in terms of the physical properties and the local energy density properties of the electron density distribution. The extent to which these objectives have been met will be recounted. Beforehand,
however, as an introduction, some of the earlier empirical
yet important connections that have been established over
the years between bond length, ionic radii, bond strength
and bond valence will be briefly discussed.

Connections between structure, bond length
and ionic radii
Prior to the beginning of the twentieth century, little was
known about the structures and the bonded interactions of
minerals other than the brilliant speculations by such
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workers as Barlow [11, 12] who pictured the structure of a
rock salt crystal, for example, as a cubic periodic array of
closely packed spherical Na and Cl atoms rather than an
array of molecules, notwithstanding the prevailing view at
the time that all crystals consist of molecules. With the
discovery of X-rays in 1895 and the development of X-ray
diffraction methods and equipment during the early 1900s
(cf. [13]), not only were Barlow’s pictures proven to be
largely correct, but the structures of a relatively large number of minerals were determined and substantial headway
was made in forging an understanding of minerals, their
properties, structural relationships, classification and
bonded interactions [4, 14, 15]. But, because of the experimental difficulties and the hard work encountered in
the measurement of accurate X-ray diffraction data sets
and the absence of computers at the time, few electron
density maps such as the elegant ones crafted at that time
for diopside, CaMgSi2O6, by Sir Lawrence Bragg [16]
were available for studying bonded interactions. Given the
computational difficulties encountered in determining
these maps, workers at the time focused their attention
primarily on solving crystal structures. Despite the lack of
modern methods for determining crystal structures, the
bond lengths determined in the studies were remarkably
accurate. The accuracy was made possible by the fact that
the bulk of the structures determined were high symmetry
materials like rock salt where each atom occupies a special position and the bond lengths are determined directly
from a knowledge of the unit cell dimensions [4, 15, 17].
From the bond lengths, numerous sets of ionic radii
were derived, utilizing a strategy pioneered by Bragg [17]
that assumed that the bond lengths of crystals can be regarded as the additive sums of the radii of spherical
atoms. Using Wasasjerna’s [18] careful refractivity measurements and his determination of a fixed radius of
1.32 
A for the oxide anion, the famous geochemist Goldschmidt [15] used Bragg’s [17] strategy to generate a comprehensive set of ionic radii that bear his name, radii that
were in popular use until the latter quarter of last century.
With the radii, rules were devised for predicting the coordination numbers for the cations based on radius ratio considerations1 . During the same time frame, Pauling [19]
completed a theoretical study of the sizes of ions in ionic
crystals and derived a set of semi-empirical ionic radii
using quantum mechanically derived screening constants,
the Born-Lande lattice energy model and a set of observed
bond lengths to scale the radii that resulted in an effective
ionic radius of 1.40 
A for the oxide anion. The close
agreement between the Pauling and Goldschmidt radii was
taken as a confirmation that the Wasasjerna-Goldschmidt
radii were correct and that the bonded interactions in silicates are largely ionic in character. This conclusion was
echoed in a later study of the physical properties and bond
type for MgAl oxides and silicates by Verhoogen [20]
who concluded that the properties are much more easily
understood in terms of an ionic rather than a covalent
1
For sake of convenience and clarity, the coordination number of
an atom will be denoted by a Roman numeral attached as a preceding
superscript to the symbol of the atom; for example, IVSi––O denotes a
Si––O bonded interaction involving a four-coordinated Si atom.

3
model. The complexities of the covalent character of the
Si––O bond were addressed together with the great difficulties encountered in deriving bond lengths with firstprinciples methods. He observed, however, that it was
much ‘simpler’ to determine the Si––O bond length as
(3=8)1/2 times the O––O separation for an ideal silicate tetrahedral oxyanion. Thus, an ionic model that uses an ionic
radius of 1.32 
A for the oxide anion “leads directly to an
IV
Si––O distance of 1.62 
A”, a result that was considered
to be a testament of the accuracy of the Wasasjerna-Goldschmidt’s radius of the anion. Given the relativistic selfconsistent wave functions published later [21], it was evident, however, that the Wasasjerna-Goldschmidt-Pauling
ionic radii and the Bragg’s atomic radii [17] correlate with
the radii calculated for the electron density maxima for the
outermost valence shells of the atoms of interest, providing the radii with a theoretical underpinning.
With the ionic radii, the structures of a host of silicates
and related minerals were pictured as close packed assemblages, consisting of large anions with the smaller cations
located in the available octahedrally and tetrahedrally coordinated voids and, in some cases like calcite, CaCO3,
with the C atom evenly located in the triangularly coordinated voids [4]. It was during this time-frame that Pauling
[22] proposed his famous set of structural postulates that
served to revolutionize the way that mineralogists viewed
bonded interactions and rationalized the crystal chemistry
of minerals. He regarded the bond length as given by the
additive sum of the ionic radii and later considered the
valence electrons of the metal atoms to be equally distributed among the bonds of the coordinating anions, the
number of which was asserted to be determined by the
relative sizes of the cations and the anions [23]. He also
asserted that the sum of the bond strengths reaching each
anion in a stable structure would exactly or nearly satisfy
the valence requirements of each anion. With this important constraint on the bonded interactions together with
ionic radii and radius ratio considerations and the picturing of a silicate structure such as forsterite, Mg2SiO4, as
consisting of an assemblage of tightly packed oxide anions with the smaller Mg and Si cations in the available
octahedral and tetrahedrally coordinated voids, it was possible to account for a large variety of the known crystal
structures [24–26]. Also, by assuming a radius of 1.35 
A
for the oxide anion, by taking advantage of the constraints imposed on a periodic structure by the space
group symmetry and considerations guided by regions forbidden to Si, i.e. regions delineated by weak X-ray structure amplitudes, Bragg and his colleagues [4, 13, 14, 25,
26] were able to solve the crystal structures of several
very complicated silicates like diopside, tremolite,
Ca2Mg5(Si4O11)2(OH)2, anthophyllite, Mg7(Si4O11)2(OH)2,
and talc, Mg3(Si2O5)2(OH)2, a task that would have been a
challenge to solve even with the strategies available during
the 1960s. Clearly, ionic radii used in conjunction with a
knowledge of diffraction and space group theory and Pauling’s postulates played a fundamental role in establishing
much of the structural foundations of crystal chemistry
during the early part of the last century.
With the determination and refinement of many structures leading up to the 1970s, a wealth of relatively accu-
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rate metal-oxygen M––O bond lengths, R(M––O), was reported. This information provided a basis for the systematic
classification of minerals and for discriminating between
them and appreciating their similarities and differences (cf.
[7, 27, 28]). With the bond lengths provided by more than
1000 carefully determined crystal structures, Shannon and
Prewitt [29] and later Shannon [30] determined the most
precise sets of effective ionic and crystal radii, r, for oxides
derived to date, using Bragg’s strategy [17], unit cell volume versus r3 plots and assuming that the six-coordinated
fixed ionic radius of the oxide ion is 1.40 
A [19]. These
highly cited radii have since proven to be of great use in that
they take into account the coordination numbers and oxidation states and the electron spin states of the metal atoms
(when relevant) together with the coordination number of
the oxide anion [31]. Following the derivation, it was found
that the M––O bond lengths and the unit cell dimensions for
a large number of earth materials are highly correlated with
the radii on an one-to-one basis, the larger the radii, the
larger the cell edges and the unit cell volumes (cf. [28, 32–
36]). Further, the average bond lengths for the coordinated
polyhedra were reproduced typically within 0.01 
A, on
average, when the coordination numbers, nominal oxidation
and electronic spin states of the atoms were taken into account. The main reason why the strategy of fixed radii was
so successful in reproducing bond lengths with such accuracy can be ascribed to the experimental fact that the average M––O bond lengths for given n-fold MOn coordinated
polyhedra for a wide variety of different crystals and molecules are roughly the same and largely independent of the
structure type [29, 30].
In his 1985 Presidential address to the Mineralogical Society of America on the evolution of crystal chemistry from
a ‘qualitative to a quantitative endeavor’, Prewitt [37] stated
that the two most important determinative factors that govern the crystal chemistry of a mineral are the ionic radii and
the nominal oxidation states of the bonded atoms. In addition to reproducing the bond lengths, the radii proved to be
of substantial use in improving the understanding of crystal
chemistry when used in the construction of structure-field
diagrams that map the relative structural stability of a structure in terms of a range of chemical substituents and ionic
and crystal radii. These maps, as ably demonstrated by Muller and Roy [38], provide a basis for understanding the
range of ionic radii and chemical substituents that a given
set of crystal structures can tolerate. Further, the radii found
substantial use in the modeling of ion conductivity, defects,
diffusion, site preferences, surface tension, chemical zoning,
size discrimination and leaching, together with the modeling of trace elements and distribution coefficients among
coexisting phases. The radii have also been used by earlier
workers as guides in the synthesis of new materials with the
substitution of an atom in a structure for another with a
similar radius and oxidation state to produce a new structure. As emphasized by Prewitt [37], the success in the
synthesis of new materials resulted from largely matching
the ionic radii and the oxidation states of the substituent
ions for structures of interest, for example, in the synthesis
of high pressure silicate analogues of germanates, a strategy
widely used in predicting pressure induced structural
changes in corresponding silicates.
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Despite the successful use the Shannon-Prewitt [29]
and the Shannon [30] radii in correlating physical and chemical properties and in the fruitful construction of structure field maps, O’Keeffe and Hyde [39, 40] observed that
the radii are little more than a set of contact distances for
predicting the bond lengths in crystals. As such, they concluded that the Shannon and Prewitt table of oxide radii
are in reality a table of Shannon and Prewitt average
hR(M––O)i bond lengths. After all, it was the bond lengths
that were determined experimentally in deriving the radii,
not the radii. As observed by Cremer and Kraka [41], an
atom in a molecule (or a crystal) is a quantum mechanical
unobservable. According, it necessarily follows that the
radius of the atom is likewise an unobservable whereas the
bond length is the observable. As such, it is the bond
length, not the radii of the bonded atoms that should be
considered when deciding whether one bonded interaction
in a structure can be replaced by another or whether one
structure is favored over another based on its position in a
structural field map. After all, it is the length of a bond
that is connected to the energy and stability of a bonded
interaction, not the radii of the bonded atoms that are used
to predict the bond length [42]. In terms of the bonded
interactions, by treating radii as fixed and strictly additive,
it implies that the contact distance between a pair of
M––O bonded atoms is largely independent of the forces
exerted on the coordination polyhedron housing the pair
by the other parts of the structure [43]. Nonetheless, the
construction of comprehensive sets of radii (bond lengths)
and their use in the construction of structure-field maps
and the modeling of physical properties has clearly led to
substantial improvements in our understanding of crystal
chemistry.

Connections between bond length
and bond valence
As observed above, the crystal chemistry of the silicates
was elevated to a much more exploitable level when Pauling [22] proposed his famous set of postulates and observed that a number of structures like quartz and forsterite are in exact conformity with his second postulate that
states that the sum of the bond strengths, z(O), reaching
each of the oxide anions in a structure tends to equal 2.0,
the magnitude of the ionic valence requirement of the
oxide anion. But, as observed later by Bragg [4], the sum
departs from 2.0 for several of the oxide anions in diopside. Later as more structures were determined and refined, the rule was found to be violated for a relatively
large number of minerals with z(O) departing from 2.0 by
as much as 40% [44]. As first reported by Smith [45] and
later by Baur [44], z(O) correlates with R(M––O), the
smaller the value of z(O), typically the shorter the bond
lengths. With the observations by Pauling and his colleagues [46, 47] that the bond lengths in molecules, metals
and related materials can be ranked in terms of bond number, n  (valence of a metal atom/coordination number).
In a subsequent application for the oxides [48, 49], Brown
and Shannon [50] showed that the connection between the
empirical bond valence, s, and the M––O bond lengths for
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Fig. 1. Shannon-Prewitt [29] average
bond lengths, hR(M––O)i 
A, (obtained
by summing the crystal radii of the
bonded atoms) plotted with respect to
(a) Pauling’s [22] bond strength, s and
(b) with respect to the ratio s/r where
r is the row number of the M metal
atom in the periodic table. The blue
spheres denote the first row M––O
bonded interactions and the red ones
denote the second row M––O interactions. A regression analysis of the data
in (b) yielded the expression
R(M––O) ¼ 1.39(s/r)0.22 [53].


a

a large number of oxides can alternatively be ranked with a
power law like expression of the form s ¼ (R(M––O)/R)N
where s was defined to be the empirical bond valence for
a given M––O bonded interaction and where R and N can
be viewed as Lagrangian multipliers obtained with the
side constraint that the sum of bond valences reaching
each of the M and O atoms in a structure matches the
nominal bond valence of the atoms. With the observed
bond lengths, the sums of valences obtained with the expression were found to match the valences for a variety of
structures to within a few percent, providing an underpinning for the existence of a close correspondence between
bond length and bond valence.
Molecular orbital geometry-optimized bond lengths for
a number of neutral hydroxyacid molecules containing
first and second row M atoms have demonstrated that the
Pauling’s bond strengths for the M––O bond lengths correlate linearly with the Mulliken bond overlap populations,
suggesting a connection between the bond strength and
the accumulation of electron density in the internuclear
region between the bonded pair [51]. With the power-law
connection established between R(M––O) and the bond valence for oxides, the bond valence concept has since
found wide use, not only in the study of minerals, but also
for a wide class of solid state materials. Brese and
O’Keeffe [52], for example, extended the method and derived a set of bond valence parameters that relate bond
valence and bond length for a large number of oxides,
fluorides, sulfides and nitrides. With a clever interpolation
strategy, they found that the parameters estimated for
nearly 1000 bonded interactions, result in a small combined error of estimation, with differences between the experimental and estimated bond length of 0.01 
A. As
evinced by the large number of citations, it is evident that
the strategy together with its parameters has found wide
acceptance by workers in the study of the crystal chemistry for a large number of materials where bond lengths
rather than radii are used in the construction of structure
field maps and the modeling, for example, of such processes as diffusion and chemical zoning. It was also observed that bond valence provides a reliability check of
the correctness of a structure. Indeed, it was argued that it
is as useful as using sums of radii in checking the validity
of a structure.
Earlier, the average M––O bond lengths, hR(M––O)i,
determined by adding the Shannon and Prewitt [29] radii


b

for the M and O atoms and those calculated for a variety
of neutral silicate molecules [53] were found to be connected with the Pauling bond strength, s, and the row
number of periodic table, r, of the M atom. Figure 1a
shows that hR(M––O)i and s scatter along quasi-parallel
nonlinear power law-trends, one involving first row and
the other second row periodic table M atoms. But, when s
was divided by r, the data scattered along a single trend
(Fig. 1b) modeled by the power law expression
hR(M––O)i ¼ 1.39(s/r)0.22. Indeed, when the bulk of the
Shannon-Prewitt hR(M––O)i bond lengths were plotted
with respect to s/r, the bond lengths for all six rows of the
periodic table were found to scatter along the same single
trend as established for the molecules [53, 54]. Further,
when the Brown-Shannon empirical bond valences, s, calculated for a large number of silicates were plotted with
respect to R(M––O), again two trends emerged [54], one
for the M––O bonded interactions involving first row and
the other for second row M atoms (Fig. 2a). But, when the
empirical bond strengths were each divided by the row
number, and the bond lengths plotted against s/r, the
R(M––O) vs. s/r data set likewise scattered along a single


a


b


Fig. 2. Bond lengths observed for 40 oxide crystals, R(MO) A
plotted with respect to (a) the Brown-Shannon [50] empirical bond
valence, s, of the bonded interactions and (b) for the same bonded
interactions plotted with respect to the ratio s/r where r is the row
number of the M atom. The symbols for the bonds are given in the
upper right insert of (b). The first row M––O data are plotted as open
symbols and the second row are plotted as solid symbols. A regression analysis of the data in (b) also yielded the expression
R(M––O) ¼ 1.39(s/r)0.22.
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trend (Fig. 2b). Further, a regression analysis yielded the
expression R(M––O) ¼ 1.39(s/r)0.22, comparable with the
expression obtained in the analyses of the experimental
and geometry-optimized molecular M––O bond length data
(Fig. 1b). It is noteworthy that similar expressions have
been found with virtually the same exponent to hold for a
variety of fluoride, nitride and sulfide molecules and crystals as well [55, 56]. On the basis of this result, it was
concluded that the relative change in hR(M––O)i as a function of s/r, for any given bond strength, is comparable for
oxide, fluoride, nitride and sulfide molecules and crystals
[54].
In a graph-theoretic study of the resonance bond numbers calculated for representative moieties for a variety of
silicate structures, it was also found that the experimental
bond lengths correlate with the bond number, n, defined
as the average number of bond electron pairs, hni, connected with the bonded interactions [57]. A regression
analysis of the data set resulted in the expression
R ¼ 1.39(hni/r)0.22, comparable with those obtained for
the silicate molecules and the oxide crystals discussed
above [53]. As hni represents the average number of electron-pairs between the bonded atoms, it can accordingly
be taken as a measure of the strength of the interactions,
like the bond numbers generated for the C––C bonds for
hydrocarbons [23]. The agreement suggests that s and hni
are direct measures of the accumulation of electron density between pairs of bonded atoms, despite the definition
of s within the context of a closed-shell ionic model. It
also supports Pauling’s [47] perception of bond valence in
his discussion of the electrostatic valence rule. In the third
edition of the Nature of the Chemical Bond [23], he states
that ‘If the bonds resonate among the alternative positions,
the valence of the metal atom will tend to be divided
equally among the bonds to the coordinated atoms, and a
rule equivalent to the electrostatic valence rule would express the satisfaction of the valences of the nonmetal
atoms’, a discerning statement that conforms with the Lewis graph resonance bond analysis and the Brown-Shannon [50] and the Brese-O’Keeffe [52] bond length-bond
valence strategies. Brown and Shannon (1993) also found
that bond valence correlates with covalent character, the
larger the value of s, the shorter the bond, the greater its
‘covalency’. They also observed that the bond length –
bond strength trends are largely independent of the ionic
character of the bonded interactions. Using perturbation
theory, Burdett and Hawthorne [58] have since concluded
that bond valence theory can be pictured as a very simple
form of molecular orbital theory, parameterized by means
of the interatomic distance. Within the context of the theory, they found that the sum of the valences of the bonds
involving an atom in a stable structure is a constant, providing an analytical basis for the bond valence sum rule.
On the basis of this result, they were able to establish that
the bond lengths in a stable structure increase directly
with coordination number, the larger the coordination
number, the smaller the value of s and the longer the
bond.
Note that Pauling [23] was careful to use the phrase
‘valence of the metal atom’ rather than charge of the cation in recognition of the fact that if the bonds resonate
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among alternative positions that the valence of a metal
atom like IVSi would be 4, the same as the nominal 4+
charge conferred on the Si4þ cation. As such the bond
number for an IVSi––O bonded interaction is 1.0, exactly
the same as the electrostatic bond strength of 1.0 for an
IV 4þ
Si O bonded interaction. In short, the bond number and
the electrostatic bond strength are one and the same numbers despite their different definitions and origins. As
such, the fact that each serves to satisfy the local bonding
requirements, one for an ionic and the other for a covalent
model, says little about the character of the bonded interaction. Further, the well-developed power law relationship
between R(M––O) and s/r and hn/ri begs a theoretical underpinning.

Connections between molecular
and crystal chemistry
The agreement between the M––O bond length and bond
valence trends for molecules and crystals indicates that a
connection exists between the bonded interactions of
minerals and representative molecules. Chemists and physicists have been aware of this connection for some time
(cf. [59]). For example, in a comparison of organic molecules and representative crystals, the famous solid state
physicist J. C. Slater [5] observed nearly 70 years ago that
the bond lengths and angles observed for a tiny molecule
like cyclohexane, (CH2)6, are virtually the same as those
observed for diamond. As cyclohexane is much more rigid
than a straight chain hydrocarbon, he asserted that the replacement of the H atoms of cyclohexane by C atoms can
result in the generation of larger molecules consisting of a
litany of six-membered C6-rings as found in adamantine,
C10H16, diamantine, C14H20 and anti-tetramantane, C22H28
and nanometer-sized diamond molecules. Each of these
molecules consists of a hydrogenated framework of interconnected C6-rings with bond lengths and angles that closely match those observed for diamond. The ultimate
structure in this sequence of ever larger molecules is the
structure of diamond where the type of rigidity comprising
the cyclohexane molecule is found in its most extreme
form. The resulting structure is braced by rigid C6-rings in
every direction, resulting in the structure of diamond, the
most rigid and hardest material known. Slater [5] concluded his study with the observation that ‘Diamond is
really a molecule of visible dimensions, held together by
the same forces acting in a small molecule’.
Just as diamond can be considered to be a giant molecule, crystal quartz and GeO2 quartz-type crystals can likewise be considered as giant molecules given that their
electron density distributions and bond lengths and angles
are virtually the same as those observed for representative
small gas phase molecules. Specifically, the bond length
and angles for the gas phase H6Si2O disilyl oxide molecule (R(Si––O) ¼ 1.63
A; ﬀ Si––O––Si ¼ 144 ) are virtually
the same as those observed for crystal quartz
(R(Si––O) ¼ 1.61
A; ﬀ Si––O––Si ¼ 144 ) [51] and those
observed for the gas phase H6Ge2O digermyl oxide molecule (R(Ge––O) ¼ 1.77
A, ﬀ Ge––O––Ge ¼ 126 ) are virtually the same as those observed for a GeO2 quartz-type
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Fig. 3. Potential energy surfaces for the disilyl oxide molecule calculated as a function (a) of the bridging Si––O bond length, R(SiO), and the
Si––O––Si angle [54] and for the H6Ge2O7 molecule calculated as a function (b) of the bridging Ge––O bond length, Ge––Obr, and the Ge––Obr ––Ge
angle [62]. Experimental Si––O bond length and Si––O––Si angle data for the silica polymorphs [62] are plotted on (a) and experimental Ge––O
bond lengths and Ge––Obr ––Ge angles for a variety of germanates are plotted on (b). The level line contour interval for (a) is 2 kJ/mol and that
for (b) is 6.3 kJ/mol.

crystal (R(Ge––O) ¼ 1.74
A, ﬀ Ge––O––Ge ¼ 130 ) [51,
60]. Molecular orbital methods were used to geometry optimize the structure of the H6Si2O7 disilicic acid molecule
in the generation of a potential energy surfaces as a function of R(Si––O) and ﬀ Si––O––Si (Fig. 3a). The bond
lengths and angles observed for several silica polymorphs
are plotted on the surface for purposes of comparison
(Fig. 3a) where the bulk of the data scatter within the lowest lying elliptically-shaped level line contour that delineates the valley floor of the potential energy surface. The
comparability of the observed bond lengths and angles in
the silica polymorphs and the potential energy surfaces
generated for the disilicic acid molecule indicates that the
energy of the Si––O bridging bond in the silica polymorphs and the molecule are similar. In fact, the energy of
the Si––O bond in crystal quartz (465 kJ/mol) is virtually
the same as that for the molecule (462 kJ/mol) [61]. Given
this observation, it may not be surprising that the bond
lengths and angles for crystal quartz are the same as they
are for the molecule. In a later study of the pressure induced transformations for the germanates, Hattori et al.
[62] calculated a corresponding potential energy surface
for the H6Ge2O7 molecule and likewise found that the bulk
of the bond length and angle data observed for a variety of
germanate crystals including the GeO2 quartz-type also
clustered about the point of minimum energy but located
within a somewhat deeper potential energy well (Fig. 3b).
The conformity of the experimental data with the potential energy surfaces and the bond energy supports the argument that the bonded interactions comprising the silica
polymorphs are virtually the same as those comprising
a representative molecule [63]. Given this correspondence,
it may not be surprising to learn, as demonstrated below,
that deformation electron density Dr(r), Laplacian
L(r) ¼ r2r(rc ) and electron localization function maps,
generated for the disilicic acid molecule, are virtually the
same as those observed and calculated for the Si––O and
Si––O––Si bonded interactions for the silica polymorphs and
other silicates [64]. In addition, the force field for the mole-

cule has been used to generate structures for a large number
of stable and metastable polymorphs of silica, starting from
a random arrangement of Si and O atoms [65]. It has also
been found that the physical properties of the electron density distribution calculated for the Si––O bonded interactions
for a large number of silicates are comparable with those
calculated for representative silicate molecules [66].
The close correspondence of the bonded interactions for
crystals and representative molecules is not, however, restricted to silicates and germanates. A similar correspondence has also been reported to exist for a variety of metalmetal bonds in molecules and bulk metals. In a topological
classification of metal-metal bonds, Gervasio et al. [67] reported that the physical properties of the electron density
distributions and the nature of the M––M bonded interactions (M ¼ Mn, Co and Ni) for a number of organometallic
molecular complexes are virtually the same as those calculated for an assortment of bulk metals. For example, the
Mn––Mn bond in the Mn2(CO)10 organometallic complex is
isolated and shielded by the ligands yet the bond has the
same topological properties as that in bulk Mn metal. As
discussed below, the bond critical point properties observed
for the Ni––Ni bonded interactions for several Ni sulfides
are also virtually the same as those calculated for bulk Ni
metal and those calculated for the Ni metal complexes by
Gervasio et al. [67]. The similarity of the properties of the
shielded metal-metal bonded interactions in molecules and
the metal-metal interactions in the crystals and the bulk metals again suggests that the forces that govern the bonded
interactions in the three systems behave as if localized.2
2
(Added in proof) In this elegant book “Solid and Surfaces”
(VCH Publishers, Inc. NYC, New York, pp. 142), Roald Hoffmann
(1988) asserts that the chemist’s viewpoint is often local with the
molecule lying at the heart of chemistry. But, the concepts that have
served solid state chemists well have been neither ‘molecular’ nor
local, but they have been such concepts as ions, ionic radii, bond
strength, packing considerations, electrostatic forces and Madelung
energies, several of which are unobservables. ‘What can be wrong
with ideas that work, and that explain structure and properties?’ he

This article is protected by German copyright law. You may copy and distribute this article for your personal use only. Other use is only allowed with written permission by the copyright holder.

7

Bonded interactions and crystal chemistry: a review

Electron localization function, deformation
and Laplacian of the electron distribution
In the ground state, the electron density distribution, r(r),
for a bonded array of atoms adopts a configuration wherein the net forces on each of the atomic nuclei are zero and
the energy of the resulting configuration is minimized.
When these conditions are fulfilled, r(r) suffices for the
determination of all of the physical properties of the array
[3]. In addition to being positive definite everywhere in
space, r(r) is also a single-valued scalar field defined over
3-space [2]. r(r) can be viewed as the number of electrons
with r(r) dr giving the amount
Ð of electron density in the
volume element dr such that r(r) dr yields the total number of electrons for the array [68]. The form of the electron distribution constitutes local maxima, minima and
saddle features that are a physical manifestation of the
forces operating within the array [2]. The local maxima,
defining the positions of nearly spherical domains of
highly accumulated electron density in space, are formed
in response of the distribution to the highly attractive and
localized forces exerted by the nuclei. Suffice it to say, the
domains are not only centered at or near the positions of
the nuclei, but they also determine the bulk of the structure of the bonded array. In contrast, the bonded interactions of the array in concert with the forces exerted by the
individual electron shielded bonded atoms result in the
formation of minimum energy bond paths of electron density that connect the bonded atoms [69]. The electron density along these paths is a maximum with respect to that
of any neighboring line. It also results in the formation of
a surface defining an interatomic zero-flux surface between the bonded atoms that intersects the path at a saddle point where the electron density adopts a local minimum value. A zero-flux surface S(r) is defined by the
equation rr(r)  n(r) ¼ 0 8 r 2 S(r) where n is the unit
vector perpendicular to the surface S [70].
A pair of atoms, connected by a minimum energy bond
path and sharing a zero-flux interatomic surface, is considered to be bonded [2]. When a level line electron density
contour map is constructed in a plane containing the nuclei of a pair of bonded atoms, it typically displays welldefined, often exceedingly high local maxima centered at
or very near the positions of the nuclei of the atoms
linked by a very low lying ridge of electron density following the bond path. Again, the local maxima represent
and define the positions of the atoms and the ridge is a
manifestation of the bond path of minimum energy electron density that connects the bonded atoms [71]. In general, the value of the electron density along each bond
path decays monotonically between the bonded pair in an
approximately piecewise exponential fashion [72] and
adopts a local minimum value at a point referred to as the
asks. What is wrong, or can be wrong, is that application of such
concepts may draw that field, that group of scientists, away from the
heart of chemistry, the molecule. ‘One must select the explanation
which permits a connection between the structure at hand and some
discrete molecule, organic or inorganic’. As such ‘many solid state
chemists have isolated themselves (no wonder that their organic and
even inorganic colleagues aren’t interested in what they do) by choosing not to see bonds in their materials’.

G. V. Gibbs, R. T. Downs, D. F. Cox et al.

bond critical point denoted rc . The strength of the interaction between a given pair of bonded atoms increases in a
regular way with the progressive accumulation of electron
density in the interatomic surface and at the bond critical
point as the equilibrium bond length decreases [2].
During the latter part of the last century, Richard Bader
[2] and his colleagues forged a powerful and widely used
strategy for studying minimum energy bonded interactions
based on the physical properties of the electron density
distribution, r(rc ), at the bond critical point. By evaluating
the Hessian matrix of r(rc ), Hi; j ¼ @ 2 r(rc )/@xi @yj at rc ,
they found that the three real eigenvalues of the matrix in
concert with the value of the electron density and the local
kinetic and potential energy density properties at rc can be
used to characterize a bonded interaction. Two of the three
eigenvalues defined by the Hessian are negative and the
third is positive. The negative eigenvalues, denoted l1 and
l2, measure the curvatures of r(rc ) perpendicular to the
bond path and the extent to which the electron density is
locally concentrated at rc perpendicular to the bond path,
the greater their magnitudes, the greater the local concentration of the electron density toward the axis of the bond
path. In contrast, the positive eigenvalue, denoted l3, measures the curvature of r(rc ) parallel to the bond path and
the extent to which the electron density is locally concentrated parallel to the bond path in the direction of the
bonded pair of atoms, the greater the concentration of the
electron density at rc toward the bonded atoms, the greater
the shielding of the nuclei by the locally concentrated
electron density. Further, the trace of the diagonalized
form of the Hessian equals the algebraic sum of the three
eigenvalues which in turn is equal to the value of the Laplacian of r(r) at rc , i.e., r2r(rc ) ¼ l1 þ l2 þ l3.
By focusing on such topological features of the electron density at rc , Bader’s strategy provides a straight forward method for studying and characterizing the physical
properties of r(rc ). In addition to providing information
about the local concentration of the electron density at rc ,
l1 and l2 also provide information about the shape of the
cross-sectional distribution of the electron density measured perpendicular to the bond path at rc . The greater the
difference in their magnitudes, the greater the ellipticity,
e ¼ (l1/l2  1), of the cross-section of the bond path. In
the case of a well-developed s-bond, typically the case for
the majority of the M––O bonds in a silicate, the cross
section is typically circular, indicating that the bonds have
a large component of s-character. But, with the superposition of p-bonds on the s-system, the cross-section is elliptical in certain cases. For example, the ellipticity of the
C––C s-bond for ethane, H3C––CH3, is 0.0 (reflecting the
absence of a p bond) whereas the C––C bond for ethylene,
H2C––CH2, with two p-orbitals (one on each C) that can
overlap in a p fashion, e ¼ 0.45 (reflecting the multiple
character and the asymmetry of the electron density distribution about the axis of the bond [2]). Further, when a
bond is unstable and, say, on the verge of rupture, the
cross-section of the bond is typically highly elliptical.
As demonstrated by Bader and Essen [73], r2r(r) is a
useful probe for determining whether the electron density
is locally concentrated or locally depleted at a given point
r. At a point r where r2r(r) is negative, the value of r(r)
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is necessarily greater than it is on average on the surface
of a sphere of radius dr centered at r. In this case, the
curvature of the electron density at r is negative and the
electron density is said to be locally concentrated at r.
When the converse is true and the curvature of the electron density is positive and r2r(r) is necessarily positive,
the electron density is said to be locally depleted at r.
Accordingly, when jl1 þ l2j > l3 and r2r(rc ) < 0, the
electron density is said to be locally concentrated at rc ,
but when the converse is true and r2r(rc ) > 0, the electron density is said to be locally depleted at rc . As stated by
Bader [2] ‘By mapping those regions where r2r(r) < 0,
one is mapping those regions where the potential energy
density makes its dominant contributions to the lowering
of the total energy of the system’. Further, by mapping
those regions where r2r(r) > 0, regions are mapped
where the kinetic energy density dominates in its contribution to the energy of the system (see below).
In a mapping of LðrÞ ¼ r2r(r) for the electron density distribution for an isolated first or second row atom, it
was discovered [74] that the distribution mimics the shell
structure of the atom faithfully by displaying a corresponding number of pairs of spherical shells of alternating
locally concentrated and locally depleted electron density
centered about the nucleus of the atom (see Fig. 5 in [75]
for relief and level line L(r) contour maps displaying the
shell structures for isolated Si and O atoms). Upon chemical combination, however, the uniform valence shell of
locally concentrated electron density in the figure is typically distorted with the creation of local maxima (see
Fig. 7 in [75] for relief and level line L(r) contour map for
the Si––O––Si bonded interaction for the disilicic acid molecule), the numbers and the relative positions of which
were found to correspond with the domains ascribed to
the bonded and nonbonded electron pairs of the VSEPR
model for closed-shell molecules [76]. It was also discovered for a variety of molecules for which the domains of
local maxima concentration and depletion of electron density can be connected with known sites of electrophilic
and nucleophilic attack, respectively, demonstrating that
the maxima correspond to sites of potential electrophilic
attack and the local minima (holes in the valence shell)
correspond with sites of potential nucleophilic attack [77].
In addition to L(r), the electron localization function,
h(r), has also played an important role in the study of the
domains of localized electron density for minerals [78].
The function, defined by Becke and Edgecombe [79], can
be expressed as
hðrÞ ¼ 1=ð1 þ ½CðrÞ=Ch ðrÞ2 Þ
where
C(r) ¼ 1=2

!
ni jrw(r)i,sj2 – 1=8jrr(r)i, sj2=r(r)s

i; s

and
r(r)s ¼

P

P

nijw(r)i,sj2

i

where r(r)s are the orbital densities and ni are their occupation numbers.
The function C(r) describes the difference between the
kinetic energy density of the actual system and the kinetic
energy of the system without the Pauli exclusion principle

in force [80], and Ch(r) serves as a reference system and
represents the value of C(r) for a homogeneous gas which
varies as r(r)5/3, the fully delocalized reference system.
Inasmuch as the Pauli principle has a relatively small impact on the kinetic energy for electrons with anti-parallel
spins, the value of the excess local kinetic energy in this
case can be expected to be small in value (in the denominator of h(r)) such that the electron localization function
can be expected to be relatively large for regions harboring bonding and nonbonding electron-pair domains where
electrons with anti-parallel spins are localized. In contrast,
the kinetic energy is expected to be large in regions where
electrons with parallel spins reside, particularly since electrons with parallel spins tend to repel one another by
about one order of magnitude greater than those with antiparallel spins [80]. Accordingly, for regions with parallel
spins, the kinetic energy density can be expected to be
large and the electron localization can be expected to be
small. As asserted by Gillespie and Hargittai [81], electrons for bonded system tend to be localized in disjoint
domains of anti-parallel spins as determined by the interactions of a bonded system. Thus, h(r) maps can be expected to show local maxima in regions where electrons
with anti-parallel spins are localized along bond vectors
and in lone pair regions.
In a careful consideration of L(r) and h(r) distributions
for a number of molecules covering a spectrum of bonded
interactions, Bader et al. [82] found that a close connection exists between the domains of electron localization
provided by the h(r) model and domains of locally concentrated electron density provided by the L(r) model to
the extent that the two distributions are homeomorphically
related in a topological sense. In other words, the two
fields are similar in terms of the number and arrangement
of the domains of localized and concentrated density that
they define. In addition, the number and positions of the
domains of localized electron density displayed by the
h(r) maps are in close correspondence with the domains
of locally concentrated electron density displayed by L(r)
maps [82]. Also, a close correspondence exists between
the number and location of the local maxima displayed by
the electron localization function and deformation electron
density Dr(r) distribution maps. A deformation electron
density distribution, defined as the difference between the
total density for a crystal and a procrystal representation
of the density, is a well known function that has been
used extensively in the past in the study of bonded interactions in terms of accumulations of electron density
along bond vectors and in nonbonded regions [83], where
a procrystal representation corresponds to the sum of the
spherical ground-state atoms located at the positions that
the corresponding atoms occupy in the crystal.
For the rock forming minerals, maps of L(r) and the
electron localization function depict easily understood pictures of domains ascribed to bonding and lone pair electrons as discussed above. In addition, as used extensively
since the last century, deformation Dr(r) electron density
maps display similar features, with local maxima of electron density accumulated along the bond vectors and in
the nonbonded regions, features also ascribed to bond and
lone electron pairs [8, 83–87]. To appreciate the similari-
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ties of these maps, Dr(r) and h(r) distributions will be
examined below for the two silica polymorphs coesite and
stishovite, the two Al2SiO5 polymorphs, andalusite and sillimanite, the borosilicate datolite and the MgCO3 carbonate magnesite [88]. In addition, the use of the L(r) and
the h(r) maps for predicting chemically reactive sites such
as centers of potential electrophilic attack and preferred
sites of protonation for Si deficient coesite and H and Al
bearing stishovite will be examined. Three-dimensional
iso-valued surface maps of h(r) (referred to here simply as
isosurface maps) generated for the valence electrons of the
rock forming minerals tremolite, diopside and the sheet
silicate talc will also be examined in terms of the ascribed
bond and lone pair localized electron density domains displayed by the bridging oxygen atoms of quartz and the
nonbridging oxygen atoms of forsterite [78].
An aspherical-atom multipole modeling of the theoretical electron density distribution for coesite [86] yielded
the theoretical level line Dr(r) contour maps presented in
Fig. 4a for the five nonequivalent Si––O––Si angles that


a


b

Fig. 4. (a) Level line deformation electron density Dr(r) contour
maps [60] compared with (b) electron localization function, ELF, isosurface maps calculated for the five nonequivalent Si––O––Si angles
of coesite. The level line contour interval for (a) is 0.05 e
A3 with
the positive contours drawn as solid lines, the negative ones are
dotted and the zero one is dashed. The gray colored ELF isosurface
represents an ELF value of 0.83 and the pink one an ELF value of
0.85. The red spheres represent O atoms and the blue ones represent
Si.

link the corner sharing silicate tetrahedra into a framework
of SiO2 composition. The maps for the four nonequivalent
bent angles are strikingly similar to the well-developed
h(r) isosurface envelopes that enclose the local maxima
(referred to as isosurface maxima) displayed along each of
the Si––O bond vectors with local kidney-shaped features
capping the oxide anion on the reflex side of each bent
Si––O––Si angle [88]. The distributions are also similar to
those reported for the Si––O––Si angles comprising the
single chains of silicate tetrahedra in spodumene [89] and
wollastonite-2M [90] and the tetrahedral frameworks for
several fibrous zeolites [91], with ridges of electron density extending into the interior of each of the Si––O––Si
angles. They are likewise similar to those calculated for
silicate molecules like H6Si2O, H6Si2O7 and H8Si4O4 [75,
91, 92] and for quartz [93]. In general, the local Dr(r)
maxima along the bond vectors are displaced toward the
more electronegative oxide anions and the heights of the
maxima recorded for the theoretical maps are typically
smaller (0.30 e/
A3) than those recorded by the experimental maps (0.40 e/
A3) [92]. It is noteworthy that the
heights of experimental and theoretical maxima were
found to be independent of the observed Si––O bond
lengths. The lone pair maxima displayed by the level line
contour mapping of Dr(r) (Fig. 4a) represent cross sections through kidney-shaped isosurface domains that are
oriented perpendicular to the Si––O––Si plane, capping the
oxide anions and bisecting the reflex Si––O––Si angle. The
straight Si––O––Si angle also shows maxima along the
Si––O bond vectors, but unlike the bent angles, two low
lying lone pair features, located on opposite sides of the
oxide anion are displayed, defining a cross section through
a circular torus shaped lone pair domain that is perpendicular and surrounds the Si––O––Si line [86]. Figure 4b displays h(r) isosurface maps generated for the five nonequivalent angles. The dual isosurface maps generated for the
four bent angles (for h(r) ¼ 0.83 colored gray and
h(r) ¼ 0.85 colored pink) exhibit similar features with
well-developed hemispherical domains along each Si––O
bond vector and kidney-shaped isosurfaces capping each
oxide anion on the reflex side of the angle. The h(r) map
generated for the straight angle displays hemispherical
dual isosurfaces along the Si––O bond vectors but with a
broken set of isosurfaces wrapped about the oxide anion
rather than forming a torus-shaped domain as displayed by
the experimental and theoretical Dr(r) isosurfaces [86].
Theoretical h(r) and L(r) maps for the 180 angles for
both coesite and the disilicic acid molecule display welldeveloped ring torus isosurfaces about the O atom perpendicular to the Si––O––Si line. Overall, the agreement between the two distributions is comparable.
Unlike coesite with four coordinated Si, the Si atoms
of the high pressure silica polymorph stishovite are each
bonded to six oxygen atoms where each is bonded to
three Si atoms, forming a planar OSi3 triangle of the three
Si atoms coordinating the O atom. Experimental and theoretical local Dr(r) maxima are located along each of the
three Si––O bond vectors that define the plane [94]
(Fig. 5a). Local maxima are also displayed in the lone pair
region on opposite sides of the OSi3 plane adjacent to the
oxygen atom. A h(r) color contour map generated in the
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Fig. 5. A model experimental deformation electron density Dr(r) level
line contour map (a) together with
combined ELF isosurface and color
contour maps (b) paralleling (110) of
stishovite. Each Si atom in the plane is
bonded to four O atoms while each O
is bonded to three Si atoms. See Figure 4 legend for the level line and the
atom color information. The color
code for the ELF color contour map
displayed in (b) is given by the color
bar at the bottom of figure.


a

b

plane of the triangle and a dual isosurface map generated in
the region 1.5
A from the plane are displayed together in
Fig. 5b. Hemispherical dual isosurface and color contour
maxima are located along each of the three Si––O bond vectors. In addition, dual isosurface local maxima occur on
both sides of the OSi3 plane, capping the oxide anion as
revealed by the Dr(r) maps. It is apparent that the Dr(r)
and h(r) distributions exhibit the same number of bond and
lone pair domains. In an earlier study of the bonded interactions and the elasticity of stishovite, using linearized augmented plane wave calculations, Cohen [95] generated
Dr(r) maps that are comparable with experimental maps
determined earlier with a combination of powder and single
crystal data [84]. The band structure and lone pair features
in the maps were taken as evidence that the bonded interac-

Fig. 6. Model deformation electron density Dr(r) level line contour maps for
sillimanite (a) and andalusite (b) cut in
a plane paralleling (110) compared with
ELF maps for sillimanite (c) and andalusite (d). The contour interval for the
Dr(r) contour maps is 0.1 e
A3, the positive contours are solid, the negative
ones are dashed and the zero contour is
not drawn. The color contour interval
for the ELF map is given by the color
bar graph at the bottom of (b). See
Fig. 4 legend for the ELF isosurface information. The green spheres represent
Al and the red ones represent O atoms.

tions in stishovite consist of a mixture of shared and closedshell interactions. Further, the calculations indicate that no
major changes occur in the bonded interactions with increasing pressure between zero and 150 GPa.
The two Al2SiO5 polymorphs sillimanite and andalusite
each contain chains of edge sharing AlO6 octahedra parallel to the unit cell vector c with the chains cross-linked
together by four coordinated Si and Al in sillimanite and
by four coordinated Si and five coordinated Al in andalusite. In a study of the electric field tensors at the positions
of the six coordinated Al atoms, Dahaoui et al. [96] generated experimental static deformation maps for the two aluminosilicates, using an aspherical-atom multipole modeled
electron density distribution obtained with high resolution
single crystal diffraction data. Figures 6a and b show level


a

c


b
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line Dr(r) contour maps for the two minerals in planes containing the Al1 atoms and the shared edges of the Al1O6
octahedra. In the case of andalusite, the oxygen atom O2 is
bonded to two Al1 and a Si atom and O1 is bonded to two
Al1 and a VAl atom. Local maxima occur along each of the
bond vectors, with the Dr(r) electron density extending toward the interior of the Al1––O––Al1 angle, as observed for
the Si––O––Si angle. Also, a local maximum occurs along
the VAl––O bonded interaction. The map for sillimanite is
similar to that observed for andalusite except that O2 is
bonded to two Al1 atoms and an IVAl atom. The distribution
of the maxima about O2 is similar to that displayed about
the O atoms for andalusite but O2 only displays two maxima. The h(r) dual isosurface and color contour maps shown
for O1 and O2 for andalusite (Fig. 6c) and those about O1
of sillimanite (Fig. 6d) are similar, with maxima along each
of the bond vectors [97]. Unlike the Dr(r) map for sillimanite, the h(r) maps show three maxima about O2 including
one along the bond vector along the IVAl––O2 bonded interaction. With this exception, the agreement between the two
mappings is comparable.
Datolite, Ca(SiBO4OH), is a sheet structure consisting
of alternating BO4 and SiO4 corner sharing tetrahedra
linked together in four and eight membered rings that
house Ca atoms between the sheets in cubic antiprisms of
O atoms. Ivanov and Belokoneva [98] recently calculated
Dr(r) level line contour maps for the O3––Si––O4 plane of
the SiO4 group (Fig. 7a) and the O4––B––O5 plane for the
BO4 group (Fig. 7b) where O3 is bonded to a B, a Si and
two Ca atoms, O4 is bonded to a Si, a B and a Ca atom
and O5 is bonded to B, H and two Ca atoms. Well-developed Dr(r) maxima are located along the Si––O3, Si––O4,
B––O4 and B––O5 bond vectors. The level color maps

conform with the experimental maps, with the dual isosurface forming a bracelet about O4 with maxima along the
Si––O4 and Si––O3 bond vectors and along the B––O4
bond vector that radiates out of the plane (Fig. 7c). The
level color maps likewise conform with the maxima displayed by the Dr(r) contour maps, with hemispherical
dual isosurfaces shown along three of the B––O bond vector and along a Si––O bond vector that radiates out of the
plane. Kidney-shaped isosurfaces exist perpendicular to the
Si––O––B bonded interactions (Fig. 7d) as observed for
danburite. Also, as observed for danburite, several of the
Ca––O vectors are in the direction of the lone pair feature.
As such, the kidney shaped domains appear to be attractors
for the Ca atoms in datolite and danburite. Similar results
have also been observed for the K atoms in wadeite [78].
Likewise, as we shall see later, the lone pair domains in
coesite and stishovite appear to be attractors for H.
Unlike the other minerals, magnesite, MgCO3, is a carbonate with a structure that can be viewed as a distorted
cubic close packed array of O atoms with the Mg atoms
in one-third of the available octahedral voids and the C
atoms coordinated by three O atoms, forming a CO3 carbonate group. As such, each O atom is bonded to two Mg
and a C atom. Using theoretical structure factors, Catti
and Pavese [99] generated the Dr(r) level line map depicted in Fig. 8a for the carbonate group. Well-defined
maxima occur along each C––O bond vector and each O
atom is coordinated by two maxima that reside in the nonbonded region of the atom. A combined h(r) color contour and dual isosurface maps for the carbonate molecules
displays similar features with maxima along the C––O
bond vectors and in the lone pair region (Fig. 8b). However, the maps differ in that the maxima along the C––O
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Fig. 7. Level line static model deformation electron density Dr(r)
maps for (a) the O3––Si––O4 and
the (b) O4-B––O5 bonded interactions for datolite. Contours in the
vicinity of atomic positions are
omitted. Color contour and dual
ELF
isosurface
maps
for
O3––Si––O4 and the (b) O4-B––O5
bonded interactions are displayed
in (c) and (d), respectively. See
Fig. 6 legend for information about
the line contours in (a) and (b).
See Fig. 4 legend for the ELF isosurface information. The blue
spheres represent Si, the green
ones represent B and the red ones
represent O atoms. The ELF color
contour interval is defined by the
color bar at the bottom of (c).
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Fig. 8. Static model deformation electron density Dr(r) map for the
carbonate anion in magnesite generated with theoretical structure factors (a) and a combined ELF isosurface and color contour map (b).
Contour interval for the Dr(r) map is 0.1 e
A3, the solid, dashed and
dot-dash level lines represent positive, negative and zero valued lines,
respectively. See Fig. 4 legend for information on the ELF isosurfaces. The color contour interval is given at the bottom of (b). The
red spheres represent O and the green ones represent C.

bond vectors in the Dr(r) maps are similar in magnitude
to those in the nonbonded region whereas those along the
C––O vectors in the h(r) maps are substantially smaller
than those in the nonbonded region. It is noteworthy that
the nonbonded maxima are oriented in the direction of the
Mg atoms like the attractor nonbonded domains in danburite [78]. The local maxima displayed along the bond vectors and in the lone pair regions for the minerals serve as
evidence that the IVSi––O, VISi––O, VIAl––O, IIIB––O and
III
C––O bonded interactions each have a component of
shared covalent character [83, 88].


b

Fig. 9. ELF dual isosurface maps for the silicate tetrahedral oxyanion
in quartz (a) displaying four next nearest Si atoms (blue spheres) and
for forsterite (b) displaying the six next nearest Mg atoms (violet
spheres). Each bridging O atoms of the tetrahedral oxyanion of quartz
is capped by a kidney shaped isosurface on the reflex side of the
Si––O––Si angle and a hemispherical isosurfaces is displayed along
each Si––O bond vector whereas each nonbridging O atom of forsterite is capped by a mushroom shaped isosurface again with a hemispherical isosurface displayed along each Si––O bond vector. Each O
is represented by a red sphere). See Fig. 4 legend for information
about the isosurfaces.

Given that the h(r) and the experimental Dr(r) maps
for the foregoing minerals are comparable, h(r) dual isosurface maps were generated for a variety of other rock
forming minerals. The maps in a number of cases exhibit
a mixture of the isosurfaces displayed by the bridging O
atoms of quartz and the nonbridging O atoms of forsterite.
The h(r) isosurface maps generated for the quartz and forsterite structures are displayed in Figs. 9a and b. A hemispherical isosurface domain is found along each of the
Si––O vectors for both minerals. In the case of quartz, a
kidney-shaped isosurface domain is located in the vicinity
of the O atom on the reflex side of the Si––O––Si angle
whereas in the case of forsterite, where each O atom is
bonded to a Si and three Mg atoms, each O atom is capped
by a mushroom shaped isosurface with the local maxima
directed along each of the three Mg––O bond vectors.
Prior to the calculation of the dual isosurfaces maps for
diopside, tremolite, and talc, their structures were geometry-optimized with the VASP [100–102] software and the
bond lengths and angles were found to agree with the experimental values within few percent [78]. As these structures each contain moieties similar in structure to those in
forsterite and quartz, the isosurface maps generated for the
three display features similar to those exhibited by forsterite and quartz (Figs. 10a, b and c, respectively). As observed for forsterite, hemispherical isosurfaces are found
along each Si––O bond vector and mushroom shaped isosurfaces with three local maxima cap the nonbridging O
atoms. Also, as observed for quartz, each bridging O atom
is capped by a kidney-shaped isosurface that bisects the
Si––O––Si reflex angle. Features similar to those displayed
in Fig. 10b have been reported for LðrÞ maps for diopside
[103] and the clinopyroxene LiGaSi2O6 [104] with welldefined local maxima along the Si––O bridging and nonbridging bond vectors and in the lone pair of the bridging
O3 atom.
The dual isosurfaces for the framework silicates cordierite, Mg2Al4Si5O18, and beryl, Al2Be3Si6O18, are pre-
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Fig. 10. ELF dual isosurface maps for
diopside (a), talc (b) and tremolite (c)
viewed down the unit cell vector c for
diopside and tremolite and down a for
talc. See Fig. 4 for the isosurface information. The red spheres represent O,
the green ones Ca, the blue ones Si
and the violet ones Mg. Note that the
nonbridging O atoms are capped with
mushroom shaped isosurfaces as observed in Fig. 9b for forsterite and that
each bridging O is capped by a kidney
shaped isosurface on the reflex side of
each Si––O––Si angle as observed in
Fig. 9a for quartz. An hemispherical
isosurface is displayed along each of
the Si––O bond vector as observed for
quartz and forsterite and each H is enclosed by a roughly spherical isosurface.


c


a


b
Fig. 11. ELF dual isosurface maps for beryl (a) and cordierite (b)
viewed down the unit cell vector c. The Be atoms in beryl are colored violet, Al atoms green, Si atoms blue, O atoms are red and the
Mg atoms in cordierite is violet. See Fig. 4 legend for isosurface
information. Note that the isosurface about the 179.6 Si––O––Si angle in the six-membered ring of cordierite is very similar to that displayed about the straight angle in coesite (Fig. 4b).

sented in Figs. 11a and b. The O atoms comprising the
Si––O––Si angles in beryl are each capped by a kidney
shaped isosurface as observed for quartz whereas the O
atom comprising the 180 Si––O––Si angle in cordierite
is surrounded in part by lone pair features similar to those
about the O1 atom in coesite. The isosurface maps for the
Si––O––Al bonded interactions comprising the six-membered ring in cordierite lack features in the lone pair region but show a hemispherical isosurface along the Si––O
bonded interaction and a mushroom shaped one along the
Al––O bonded interaction. A similar mushroom shaped
isosurface was recently reported along the Al––O bond
vector comprising the Si––O––Al angle in sillimanite [97].
The O atoms comprising the AlO6 octahedra in beryl
bonded to Si, Be and Al, also display mushroom shaped
isosurfaces, but with two rather than three local maxima
as observed for forsterite. The O atoms comprising the
MgO6 octahedra in cordierite are bonded to Si, Al and
Mg. They likewise exhibit mushroom shaped isosurfaces
as in beryl, with two maxima in addition to a hemispherical domain along each Si––O bond vector. An examination of the isosurfaces for a variety of minerals shows
that as the coordination number of the O atom increases
from two to three to four, that the isosurface about the atom
tends to progressively change from two hemispherical and a
kidney-shaped isosurface as in quartz to a single hemispherical and a mushroom shaped isosurface with two local maxima and finally to one hemispherical and a mushroom
shaped isosurface with three local maxima as in forsterite
[78].
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Potential sites of electrophilic attack
and protonization
Using the constraint that the sum of the bond strengths of
the bonded interactions reaching each O atom in a stable
structure satisfies the ionic valence requirement of the
atom, Donnay and Allman [105] devised a strategy for
identifying those O atoms in a structure that are most
likely to be protonated. With the strategy, Smyth [106]
predicted that the O(1) atom in wadsleyite, b-Mg2SiO4,
was the most likely candidate for protonation, a prediction
that was corroborated by a mapping of the electrostatic
potential carefully generated with experimental X-ray single crystal diffraction data [107]. With his successful use
of the bond strength sum constraints, Smyth [108] has
since asserted that “the protonated oxygen is relatively
easy to identify from X-ray data by a simple Pauling bond
strength calculation”. However, for structures like coesite
where the ionic valence requirements for the five nonequivalent O atoms are all satisfied, he concluded that the O1
is the most likely atom in the structure to be protonated
on the basis of the electrostatic site potentials calculated
with a purely ionic model [109]. Although the use of the
electrostatic site potentials and the bond strength sum requirements may have been successful in identifying the O
atoms in a structure that are potentially susceptible to protonation, they do not provide information for determining
the coordinates of the H atoms and the orientations of the
OH vectors or both.
The magnitudes of the local h(r) maxima of the nonbonded domains displayed by coesite depend on the value
of the Si––O––Si angle [64]. As the angle decreases from
180 to 137 , h(r) maps show that the magnitudes of the
maxima progressively increase in value. In addition, the
local concentration of the electron density distribution
comprising the lone pair domain, as displayed by the Laplacian L(r), likewise increases progressively as the angle
decreases with the Si––O5––Si angle exhibiting the largest
local maxima [110]. With the increase in the local concentration of the ED, the reactivity of the O atom is indicated
to increase with decreasing angle, rendering the atom progressively more reactive and susceptible to potential electrophilic attack [74, 77]. As the O1 atom in coesite is
involved in the 180 angle, it is expected to be the least
reactive O atom in the structure and as such the least susceptible to protonization. In contrast, as the remaining
nonequivalent O atoms (O2, O3, O4 and O5) are each
involved in bent Si––O––Si angles ranging between 137
and 150 , they are asserted to be more reactive sites and
hence more susceptible to protonic attack than is O1, because the smaller the angle, the greater the electrophilicity
of the O atom and the greater the apparent susceptibility
to protonic attack. Moreover, a mapping of the experimental deformation electrostatic potential for coesite shows
that the deepest electronegative minima in the maps occur
next to O5. As such, the O5 atom involved in the smallest
angle in the structure (137 ), is indicated to be the most
susceptible O atom in the structure for protonation [87].
In a study of the incorporation of H in Si deficient
coesite, synthesized at high pressures and temperatures,
Koch-Müller et al. [111] concluded on the basis of an ele-


a


b

Fig. 12. A drawing of the proposed geometry of an v defect (v represents the vacancy) formed by a missing Si2 atom of an Si2O4 silicate
tetrahedral oxyanion in coesite (a) and an ELF isosurface map for the
oxyanion (b). The silicate polyhedral in (a) are colored blue in (a).
The white sphere in (a) represents the vacancy, v. Four H atoms are
predicted to be disposed about the vacancy with their potential OH
vectors directed at the maxima of the kidney shaped isosurfaces on
the reflex side of the Si––O––Si angles. The yellow spheres in (a)
represent the local maxima of the kidney shaped isosurfaces displayed in (b) and the green spheres represent the predicted positions
of the H atoms (a). The position of each H was found by extending a
vector from each of the positions of the O atoms that houses the
defect at a distance of 0.98 
A through the local maximum of the
kidney shaped isosurface in forming an OH bond.

gant analysis of the FTIR spectra that four H atoms, on
average, replace one of the Si2 atoms in the formation of
an (OH)4 defect. As the Si2 atom is bonded to O2, O3,
O4 and O5, the H atoms are accordingly only bonded to
the O atoms involved in the bent angles. Further, on the
basis of the spectra, the authors were not only able to
establish that the four H atoms replace Si2 but also to
determine the positions of the H atoms of the resulting
defect, a remarkable accomplishment. In an independent
study of the L(r) and h(r) maps for coesite, Gibbs et al.
[64] predicted the positions of the H atoms of the (OH)4
defect by extending the vectors from the positions of each
of the four O atoms of the Si2O4 oxyanion through the
maxima of the domains at a distance of 0.98 
A. For purposes of illustration, the Si2O4 oxyanion is displayed for a
representative moiety of the coesite structure in Fig. 12a
together with the positions of the lone pair local maxima
and the predicted positions of the H atoms. An h(r) isosurface map of the oxyanion is displayed next to the moiety
in Fig. 12b where an one-to-one mapping is made between the nonbonded kidney-shaped domains of the O
atoms, their local maxima and the predicted positions of
the H positions. The agreement between the IR determined H positions and those determined on the basis of
the lone pair maxima is comparable, particularly given
that no effort was made to correct the positions for any
relaxation of the structure that would surely occur about
the defect. Notwithstanding the failure to make the correction, it may not be surprising that the agreement was
found to be the best for the H atom involving the smallest
Si––O5––Si angle.
As observed above, experimental model Dr(r) and theoretical h(r) isosurface maps for stishovite also display
local maxima in the nonbonded regions of the O atom on
both sides of the OSi3 plane [84, 86, 94, 95]. Given the
positions of one of the h(r) local maxima, H was predicted to dock 0.96 
A from the O atom for Al-bearing
stishovite such that the O––H vector is oriented perpendi-
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Fig. 13. An ELF isosurface enclosing the OSi3 triangle for stishovite.
Local bond pair maxima occur along the Si––O vectors and local lone
pair maxima are located on opposite sides of the O comprising the
Si3O group. The H atom is predicted to be located 0.96 
A along a
vector that radiates from the O atom and passes through the local
maxima of the feature ascribed to the lone pair domain. See Fig. 4
legend for isosurface information and the color of the atoms.

cular to the unit cell vector c as determined by Pawley et al.
[112]. Employing first-principles plane wave VASP calculations [100–102], the position of the H atom was predicted
close to the experimental value for an Al-bearing stishovite
model structure. With the H atom placed at a position next
to the defect AlO6 determined in an earlier study [113], the
H atom moved upon geometry optimization close to the position determined with the h(r) map. With the OH vector
oriented perpendicular to the unit cell vector c (Fig. 13), the
final distance from the O atom was found to be 1.02 
A and
the reduction in energy amounted to 330 kJ mol1. On the
basis of an electrostatic potential map, Spackman et al. [84]
obtained a similar result with H next to the O atom of the
OSi3 triangle. Further, the H location is virtually the same
as that determined in an independent study by Panero and
Stixrude [114] with first principles methods, a result that
provides an underpinning for the coupled substitution Si4þ
þ O2 ¼ Al3þ þ OH required for the incorporation of H
in stishovite under lower mantle conditions.
As observed for the two silica polymorphs coesite and
stishovite, the h(r) and L(r) are useful tools for locating
sites of potential electrophilic attack, particularly when used
in conjunction with polarized IR spectra. The well-developed domains ascribed to the lone pair electrons displayed
by the bridging O atoms for diopside, tremolite and talc and
the nonbridging O atoms of forsterite and the domains ascribed to the bond pair electrons displayed along the Si––O
bond vectors are also sites of potential attack. Like the similarity of the features displayed by h(r) and L(r) maps [82],
those displayed by h(r) and Dr(r) maps are also similar.
Given the efficacy of h(r) to isolate those domains in a material ascribed to bond and lone pair electron pairs, a deep
physical appreciation of the function is not trivial (cf. [69]),
particularly since the function is largely independent of the
theoretical method used in its calculation.

Derivation and geometry optimizations
of framework silicate structures at pressure
By the end of the last century, one of the most challenging yet promising problems confronting mineralogists was
the derivation of the stable and metastable structures that
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can crystallize with a given chemical composition, starting
with a random arrangement of atoms. At the time,
Hawthorne [28] observed that ‘We cannot a priori predict
the structures of even the simplest crystals’ with the derivation of the structure types for such relatively simple
minerals as MgO and NaCl remaining beyond our grasp.
To this end, the goal of Hawthorne’s challenge is two
fold: (1) the a priori derivation of the structures that can
crystallize in a given chemical system and (2) the geometry optimization of a structure, starting with a model and
resulting in a structure and properties with an accuracy
that rivals those determined experimentally.
With the development of local density functional
(LDA) theory, substantial progress has been made in the
geometry optimization and the simulation of the properties
of materials [3]. Not only have the calculations advanced
our understanding of the properties and transformations of
minerals in the Earth’s interior (cf. [115]), but they have
also advanced our understanding of the connection between the properties of the electron density distributions
and structures in terms of the local kinetic and potential
energy density distributions. In studies of minerals formed
at the high pressures encountered in the Earth’s interior,
structures, equations of state, elastic and transport properties
have been computer modeled for such crust and mantle
phases as olivine, wadsleyite and perovskite. In this review,
we will restrict our study to an examination of the impact of
moderate pressure on the silica polymorphs and the framework silicate beryl. Other than these silicates, the structures
of few silicates to our knowledge have been geometry-optimized as a function of pressure for which experimental
bond length and angle data are available for comparison.
The reader is referred to [115–117] and the references
therein for structures, equations of state and related properties generated for mantle and lower mantle materials.
In an effort to achieve Hawthorne’s first goal, a derivation of stable and metastable structure types for silica was
undertaken by Boisen et al. [118, 119], starting with a random arrangement of Si and O atoms. Given the close
agreement of the Si––O bond lengths and the Si––O––Si
angles observed for quartz and those calculated for the
disilyl oxide molecule (Fig. 3a), an analytical potential energy function was constructed for the molecule based on
its geometry optimized structure and the potential energy
surface displayed in Fig. 3a. With the function, a large
number of calculations was completed, using simulated
annealing and quasi-Newton strategies. Each was started
with either three or six SiO2 formula units, the atoms of
which were randomly distributed in a unit cell of variable
geometry with P1 space group symmetry. Collectively, the
calculations yielded several hundred relatively low to moderate energy model structures, including quartz, cristobalite and mixed layer stacking sequences of tridymite and
cristobalite with quartz being the most abundant phase
generated. The space group symmetry of the quartz structure matches that observed in each case almost exactly.
Structures were generated that match or are closely related
to the frameworks structures observed for bikitaite, sodalite, cancrinite and NaJ-zeolite in concert with a number
derived by Smith [120] and O’Keeffe and Brese [121]. In
several cases, two translationally equivalent unit cells of
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the quartz structure were generated, suggesting that the
translational symmetry of silica is governed in part by the
bonded interactions involving nearest and next nearest
neighbors. Indeed, the derivation of the large number of
silica structure types [118, 119] is consistent with the earlier assertion that the bonded interactions in silica behave
as if short-ranged and molecular in nature. Albeit true, the
short-ranged nature of the bonded interactions not only
provides a basis for understanding of why gas phase molecules like H6Si2O disilyl ether have been successfully used
to advance our understanding of the reaction of quartz with
water [122–125] and related minerals at the atomic level,
but it also provides a basis for understanding why silica is
an excellent glass former and why there are so many polymorphs of silica [126, 127]. The successful modeling of
the electron density distributions, the force fields and the
reaction of silica with representative molecules also lends
support to the observation by O’Keeffe-Hyde [39] that the
divorce of crystal chemistry from molecular chemistry in
the teaching and study of mineralogy early last century
was a mistake, leaving both disciplines all the poorer.
Given the simulated annealing generated cell dimensions and atomic coordinates for the silica polymorphs,
the structures for several stable and metastable silica polymorphs [128] were geometry-optimized with VASP, a periodic plane wave code [100–102] that utilizes the local
density approximation to account for the exchange correlation to the total energy. The kinetic energy cutoff and the
density of the Monkhorst-Pack k-point mesh [129] were
chosen to ensure convergence of the geometry-optimized
structure and energy. The optimizations were completed
assuming the space group symmetries observed for low
quartz (P3221) (see [128] for details) and low cristobalite
(P41212). The structure of coesite was optimized, using
the same strategy, starting with the observed space group
symmetry, (C2/c), atomic coordinates and cell dimensions
[130]. The structures for the three polymorphs have been
determined experimentally at ambient conditions for a
range of pressures up to 8 GPa at room temperature
[131–134]. These structures serve as a basis for comparison with model structures optimized with a prescribed set
of unit cell volumes at absolute zero. For each model, the
total energy, E, was generated as a function of the unit
cell volume, V, using the generalized gradient approximation to the quantum mechanical energy functional. The
parameters for the equation of state were obtained by fitting a Birch-Murnaghan expression to the calculated
E  V data sets. With the total energy data sets and the
associated set of unit cell volumes, the zero pressure isothermal bulk moduli and the pressure derivatives calculated for quartz, cristobalite and coesite are K00 ¼ 45.0 GPa,
14.8 GPa and 94.3 GPa and K00 ¼ 4.9, K00 ¼ 2.4 and
K00 ¼ 4.8, respectively, compared with the experimental
values of K00 ¼ 37.1 GPa, K00 ¼ 11.5 GPa and K00 ¼ 99.8 GPa
and K00 ¼ 6.0, K00 ¼ 9.0 and K00 ¼ 6.3, respectively. The
agreement between the experimental and the calculated
bulk moduli is comparable whereas the agreement of the
pressure derivatives is, as expected, substantially poorer
with the calculated values being typically much smaller
than observed. In addition, an optimization of the structure
for the high pressure polymorph stishovite generated a
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bulk modulus of K0 ¼ 276 GPa compared with an experimental value of K0 ¼ 298 GPa.
The experimental force constant for the Si––O bond of
quartz is 597 N/m [135] compared with 615 N/m calculated for the disilicic acid molecule. On the other hand,
the bending force constant calculated for the Si––O––Si
angle for the molecule is much smaller, 1/R2 @ 2 E/
@q2 ¼ 5 N/m where R is the average of the two bond
lengths comprising the angle and q ¼ ﬀ Si––O––Si. These
results indicate that under pressure, the Si––O bond
lengths of quartz, cristobalite and coesite will change little
while the Si––O––Si angles can be expected to decrease
substantially, with the bulk of the compression of the silica polymorphs like cristobalite closely connected to the
compliant nature of the angle [136]. The average of the
two nonequivalent calculated Si––O bond lengths for
quartz and cristobalite, hR(Si––O)i, shows little change
with increasing pressure, as demonstrated below. On the
other hand, the Si––O––Si angle involved in the OSi3 triangle in stishovite is very rigid and largely unaffected by pressure, which accounts for its much larger bulk modulus.
The optimized Si––O bond lengths generated for
quartz, cristobalite and coesite were found to agree with
the experimental values determined at ambient conditions
typically within about 1% whereas the optimized
Si––O––Si angles are as much as 5% narrower than those
observed. For example, the two nonequivalent Si––O bond
lengths optimized for quartz at absolute zero and zero
pressure, are 1.608 
A and 1.614 
A compared with the experimental values of 1.607 
A and 1.613 
A, respectively,
determined at ambient conditions. In addition, the optimized Si––O––Si angle is 142.2 compared with the experimental value of 143.5 [137]. In an independent optimization of the quartz structure, also within the framework
of the local density theory, Demuth et al. [138] obtained
slightly longer Si––O bond lengths, 1.611 
A and 1.617 
A,
and a slightly wider Si––O––Si angle of 145.5 , again in
relatively good agreement with the experiment.
The average values for the two nonequivalent Si––O
bond lengths, hR(Si––O)i, comprising the Si––O––Si angle
for quartz reported by several workers are plotted in
Fig. 14a with respect to pressure together with the geometry-optimized values. The optimized hR(Si––O)i values decrease slightly, 0.01 
A, with increasing pressure to 18 GPa
while the experimental bond lengths scatter about the theoretical line. As reported by Gibbs et al. [137], individually,
the two nonequivalent experimental and optimized bond
lengths both appear to decrease slightly with increasing
pressure. The optimized Si––O––Si angles for quartz
(Fig. 14b) decrease nonlinearly with increasing pressure
from 142.20 at P ¼ 0.0 GPa to 126.97 at P ¼ 12.75 GPa.
The experimental angles tend to track the theoretical trend,
but they are systematically 2 wider at a given pressure
than the optimized values (Fig. 14b). The magnitude of the
net atomic charges obtained in a virial partitioning of the
electron density distribution calculated for the Si and O
atoms also decrease slightly with decreasing Si––O bond
length and Si––O––Si angle and increasing pressure. In
their study of the silica polymorphs, Demuth et al. [138]
geometry-optimized the structure of quartz for pressures up
to 10 GPa, using the LDA local density approximation
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and found that the calculated unit cell dimensions, the fractional coordinates of the atoms and the molar volume
match the experimental values within a few percent.
As observed above, the ellipticity of a bonded interaction has been used as a measure of the anisotropy of the
electron density distribution measured in a cross section
perpendicular to the bond path at the bond critical point of
the bond, the greater the difference between l1 and l2, the
greater the ellipticity of the interaction. As observed above
[2], bonds with unusually large ellipticities are considered
to be relatively unstable and susceptible to rupture. As the
structure of quartz is believed to adopt an amorphous state
at high pressure, it is of interest to explore whether the
calculations indicate a connection between the ellipticity
of its Si––O bonds and the onset of amorphization. Single
crystal experiments completed for quartz at pressures to
15 GPa revealed features that have been ascribed to structural instabilities associated with a gradual transition from
a crystalline to an amorphous state [139]. The ellipticity
values, however, calculated for the two nonequivalent
Si––O bonds at P ¼ 0.0 GPa are small, 0.025 and 0.011,
with the shorter bond being more elliptical in cross section. As the pressure is increased to 18.6 GPa, the ellipticities of the bonds increase slightly, doubling in value,
0.044 and 0.019, respectively. Compared with the unstable
Si––O bond in triclinic CaSi2O5 with an ellipticity of 3.55
[140], the ellipticities for the bonds for quartz are very
small. Despite that the ellipticities for both bonds in
quartz increase with increasing pressure, the electron density distribution remains nearly circular in cross section,
indicating that the bonds are relatively stable over the
range of pressures considered. A weakening and broadening of the Raman and powder energy dispersive X-ray diffraction spectra observed in a later study indicates, however, that the onset of the amorphous state, may not occur

4

8

P GPa

12

Fig. 14. Scatter diagrams of the average experimental Si––O bond length,
hR(Si––O)i, for the two nonequivalent
Si––O bonds comprising a given
Si––O––Si angle plotted with respect
to pressure P for quartz [137] (a) and
for coesite [130] (c) and for the
Si––O––Si angles, ﬀ Si––O––Si, for
quartz [137] (b) and for coesite [130],
both as a function of pressure (d).
The lines in the figures were spline fit
to calculated data plotted as black
spheres. The open symbols for quartz
and the colored symbols for coesite
represent the experimental bond
length and angle data. One of the
Si––O bonds calculated for quartz at
zero pressure is given incorrectly in
Table 1 as 1.6804 
A in Ref. [137]. It
should read 1.6084 
A.
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until a substantially higher pressure is reached [139], a
result that is consistent with the small e values calculated
for the Si––O bonds of quartz at 18.6 GPa.
As observed above, the structure of coesite comprises
eight nonequivalent Si––O bonded interactions ranging in
length between 1.595 
A and 1.620 
A and five nonequivalent Si––O––Si angles that range in value between 137.5
and 180 with the shorter bonds involving the wider angles at ambient conditions [134, 141]. There has been debate, however, as to whether the Si1––O1––Si1 angle of
the structure is actually 180 or whether it appears to be
straight, but it is actually bent as observed for several silicates like high cristobalite with structural or dynamic disorder [27]. As the angle is constrained to be 180 when
space group C2/c is assumed, the structure was geometryoptimized assuming P1 symmetry, where the constraint no
longer holds, over the range of pressures studied [130]. As
the angle for these structures remained at 180 , the calculations indicate the angle in coesite is not a manifestation of dynamic disorder but is a result of the bonded
interactions that determine the structure. Further, an independent optimization of the structure assuming space
group P21/c also resulted in an angle of 180 [138]. The
fact that the experimental thermal displacement parameters
for the O1 atom determined over a range of pressures are
small and virtually the same as those observed for the
remaining four nonequivalent O atoms in the structure is
further evidence that indicates that the angle is straight
and not a result of dynamic disorder [131, 134].
The average experimental bond length, hR(Si––O)i, for
the two nonequivalent bonds in coesite involving each of
the five nonequivalent angles decreases with increasing
pressure with the shortest R(Si1––O1) bond length involving the 180 angle decreasing the most with increasing
pressure (Fig. 14c). The latter runs contrary to the general
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belief that a shorter bond is a stiffer bond and should decrease less with increasing pressure than a longer one. As
revealed by the figure, the hR(Si––O)i values for each of
the five angles scatter within 0.005 
A about the trends
defined by the bond lengths for the optimized structure
[130]. With exception of the straight angle, each of the
Si––O––Si angles decreases with increasing pressure and
tracks the calculated trend again with the experimental angles tending to be smaller, as observed for quartz, than
that calculated for a given pressure (Fig. 14d). The Demuth et al. [138] LDA calculations for coesite reproduced
the experimental Si––O––Si angles measured at ambient
conditions with a maximum error of 0.7 and their reproduction of how the cell dimensions vary with pressure is
comparable with the experimental dimensions.
In a theoretical study of the effect of pressure on
bonded interactions, the properties of the electron density
[142], generated with first principles molecular orbital
methods for a linear chain of H atoms in an argon constructed vice clamped at pressures up to 60 GPa, revealed
that with increasing pressure the value of r(rc ), for each
of the H––H interactions increases. On the basis of the
negative value of the local electronic energy density (see
below) together with its progressive increase in magnitude
with increasing pressure and the progressive accumulation
of electron density between the H atoms, the shared covalent character of the H––H interactions was asserted to increase with increasing pressure.
Likewise, the accumulation of electron density in the
internuclear regions between Si and O for both quartz and
coesite increases with pressure by about 2% over the
small range of pressures studied, indicating that the shared
character of the IVSi––O bond also increases slightly with
pressure. Also, with increasing pressure, the electron density is slightly but progressively locally concentrated toward the Si and O atoms, indicating that the local kinetic
energy density of the bonded interactions also increases
slightly with confining pressure. With the exception of the
bonds involved in the 180 angle in coesite, the average
e-values for the remaining bonds increase slightly with increasing pressure with the bonded interactions involved in
the narrower angles displaying the largest e-values, 0.04.
Also, the net atomic charges for the Si and O atoms calculated for both quartz and coesite decrease slightly in magnitude with increasing pressure, further evidence that the
shared character of the IVSi––O bond increases slightly
with increasing pressure. In a careful high pressure study
of the stishovite polymorph of silica, Yamanaka [143] concluded on the basis of the smaller monopole j-values generated for the Si and O atoms in a refinement of high
energy synchrotron single crystal diffraction data that the
shared character of the VISi––O bonded interactions in
stishovite also increases slightly with pressure.
In their study of the silica polymorphs, Demuth et al.
[138] also geometry-optimized the structures of tridymite,
keatite and stishovite in addition to the structures of
quartz, cristobalite and coesite. The molar volumes for
each of the polymorphs were generated with accuracy better than one percent. The decrease in the volume with increasing pressure for keatite was observed to be intermediate between that of cristobalite and quartz, suggesting that
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the stability field of keatite is intermediate between the
two polymorphs. The determination of the structure of
cristobalite shows that its bond lengths remain largely unchanged with increasing pressure while the angular change
of its Si––O––Si angle is substantially greater than that observed for either quartz or coesite over the same pressure
range [133]. In addition, as observed by O’Keeffe [144],
the Si––O––Si angle in cristobalite is free to change from
180 to 109.47 without disrupting the structure and distorting its silicate tetrahedra. As such, a relatively large
change in the angle relative to that displayed by the other
polymorphs may be expected to occur for a given change
in pressure without disrupting the structure substantially.
Downs and Palmer [133] observed in a high pressure
study of cristobalite that the Si––O––Si angle displays a
significantly larger angular decrease for a given increase in
pressure than that observed for quartz. For example, a
pressure of 3 GPa is required to reduce the Si––O––Si
angle in cristobalite 15 whereas more than twice that
pressure (7 GPa) is required to reduce the angle a comparable amount in quartz, indicating that the cristobalite
structure is disrupted to a lesser degree than that of quartz
with increasing pressure.
The values of hR(Si––O)i and the Si––O––Si angle for
cristobalite geometry optimized at Virginia Tech (unpublished) are plotted against pressure in Fig. 15a and
Fig. 15b, respectively. The value of the experimental angle
at room pressure is comparable with that calculated, but
the experimental angles depart progressively from the calculated trend with increasing pressure. As the pressure increases, the calculated bond length remain largely unchanged as observed, but they are systematically 0.01 
A
longer, on average, than those observed. However, a correction of the experimental Si––O bond lengths for thermal
motion yielded bond lengths that match those calculated
almost exactly. In contrast, the calculated Si––O––Si angle
narrows substantially with increasing pressure, as observed.
Unlike the silica polymorphs with 4-coordinate Si, the
Si––O bond lengths observed for stishovite with 6-coordinate Si shorten with increasing pressure while the
Si––O––Si angles (Fig. 15c) are largely invariant [145–
148]. The geometry-optimized bond lengths both decrease
with increasing pressure but the longer axial bond is 1%
shorter than that observed while the shorter equatorial
bond is in close agreement with the experimental values.
As observed, the calculated Si––O––Si angle is largely independent of the pressure (Fig. 15d). Thus, unlike cristobalite and quartz for which the volume compressibility is
largely dependent on the compliant nature of the
Si––O––Si angles and largely independent of the stiff
Si––O bond lengths, the volume compressibility of stishovite is conversely independent of the Si––O––Si angle but
dependent on the Si––O bond lengths.
Recently, the structure of beryl was carefully geometryoptimized using CRYSTAL98 [149] at the LDA level
[150]. In the study, the ground state wave function and the
corresponding energy were calculated for different unit
cell volumes. The resulting optimized Si––O, Al––O and
Be––O bond lengths and the Si––O––Si angle are plotted
together with those determined experimentally by Hazen
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and Finger [151] in Fig. 16a with respect to pressure. The
agreement between the optimized bond lengths and those
observed is good. As observed for the silica polymorphs
quartz and cristobalite, the experimental angles are only
0.05% wider than those calculated. Actually, the zero
pressure experimental Si––O––Si angles should be discounted because, unlike the other angles, it was measured
outside the diamond cell where the angles tend to be
slightly larger than those determined in the cell. Ignoring
this angle, the Si––O––Si angle decreases like the angles
do in the silica polymorphs with increasing pressure
(Fig. 16b). The theoretical bulk modulus, K0 ¼ 190.0 GPa,
reported for beryl is 5% larger than that measured [150].
Summarizing, the framework structures of the silica
polymorphs and beryl generated at zero and higher pressures and at absolute zero with first principles LDA methods described here and elsewhere [116, 138] rival the accuracy of those determined experimentally. Also, a direct
connection has been made between the calculated and experimental compressibilities of the structures and the variations of the bond lengths and angles of the structures with
pressure. For example, the bulk moduli calculated for

highly compressible structures like quartz and especially
cristobalite (with four-coordinated Si) are directly connected with the compliant nature of the Si––O––Si angle,
whereas the highly incompressible structure of stishovite
with six-coordinated Si is directly connected with the invariant character of the Si––O––Si angle anchored at a sort
of OSi3 Gordian knot. In a clarification of the nature of
the high-low phase transformation for quartz, cristobalite
and tridymite, Demuth et al. [138] calculated the total energies as a function of the unit cell volumes and found
that the equations of state agree with the experimentally
determined values within the experimental uncertainties. In
the case of quartz, for example, the calculations were assumed to indicate that it transforms continuously from low
to high quartz.
The overall agreement between the calculated and the
experimental structures, together with the modeling of
their electron density distributions discussed below, indicates that first principles methods are destined to improve
our understanding of the bonded interactions for minerals,
particularly those that form low quality, zoned, disordered
and crystals resistant to experimental methods. Also, the
Fig. 16. The M––O bond lengths (a) M
¼ Si, Be and Al, and the Si––O––Si angle
(b) calculated for beryl plotted with respect to pressure [150]. The experimental values are plotted as spheres in (a)
with error bars whereas the calculated
values are plotted as open circles in (a)
and (b). The experimental Al––O2 bond
length data are plotted as orange circles,
Be––O2 data are plotted as green circles,
the Si––O2 data are plotted as blue circles and the two SiO2 bond length data
sets are plotted as red and black circles.
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Fig. 15. Scatter diagrams of the average experimental Si––O bond length,
hR(Si––O)i, for the two equivalent
bonds comprising a given Si––O––Si
angle vs. pressure P for cristobalite
[133] (a) and stishovite (c) and the
Si––O––Si angles, ﬀ Si––O––Si, for
cristobalite (b) and stishovite (d) vs.
pressure. The lines in the figures were
spline fit to calculated data plotted as
black spheres. The open symbols for
cristobalite and stishovite represent
the experimental bond length and angle data.
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calculations for different mineral groups such as phosphates, sulfates, carbonates and arsenates, as done here for
silicates and below for the sulfides, can be expected to
provide a more general improvement in our understanding
of their properties and the crystal chemistry of minerals.

Calculated and experimental physical properties for model electron density distributions
Prior to the formulation of the ‘Atoms in Molecules and
Crystals (AMC)’ theory for characterizing bonded interactions in terms of electron density distributions by Bader
and his colleagues [2, 152, 153] and the strategies for the
direct aspherical atom modeling of the gradient vector
field and the Laplacian of a multipole modeling of experimental and theoretical electron density distributions by
Stewart [154], X-ray diffraction methods were used primarily to identify crystalline materials and to determine
crystal structures and, in fewer cases, generate Dr(r)
maps. During the latter part of the last decade, electron
density distributions, the physical properties of the distributions and the local energy density properties were determined with relatively high accuracy for a number of
minerals and silicic acid molecules [54]. In contrast, experimental electron density distributions and the physical
properties have been recorded with such accuracy for only
a few minerals. In a recent survey of the experimental and
theoretical model electron density distributions, it was reported that the physical properties of the electron density
are comparable with those determined experimentally in a
number of cases when generated with high resolution and
high energy synchrotron single crystal X-ray diffraction
data [155]. In contrast, the agreement was found to be
somewhat poorer in several cases for electron density distributions recorded with conventional lower energy
sources of X-rays. In this study, the model theoretical
electron density distributions were generated with CRYSTAL98 [149], using the experimental space group types,
cell dimensions and the coordinates of the atoms. Based
on a modeling of the periodic wave functions in terms of
a linear combination of Gaussian based atomic orbitals,
the program generates theoretical electron density distributions at the Kohn-Sham and the LDA levels. The physical
Fig. 17. Experimental M––O bond
lengths, R(M––O) 
A, for a variety of
Earth materials plotted with respect to
the theoretical (a) r(rc ) and (b)
r2r(rc ) values. The blue open symbols denote M––O bonded interactions
involving the first row M atoms Li,
Be, B and C and the red ones denote
M––O interactions involving the second row M atoms Na, Mg, Al, Si, P
and S. With the exceptions of the
C––O bonded interactions in calcite
and magnesite, the C––O data are for
molecules and the bond lengths were
optimized at the BLYP/6–311G þ þ
(2d, p) level. The bond critical point
properties for the molecules were calculated with XTREM, software kindly
provided by Richard Bader.

and the local energy density properties of the electron density distributions together with the net charges of the
atoms were calculated with TOPOND [156], software that
in principle is the same as that used to calculate the properties for the electron density distribution for molecules.
The properties of the electron density distributions calculated for the bulk of the minerals [54] considered in this
study together with their experimental bond lengths are
reported in Table 1 of Downs et al. [140]. The calculations
were completed for the silica polymorphs quartz, cristobalite, coesite and stishovite, the framework silicates, beryl,
low cordierite, danburite, low albite, maximum microcline,
the chain silicates tremolite, diopside, jadeite and spodumene, the sheet silicate datolite, the orthosilicates forsterite, fayalite, tephroite, topaz and chrysoberyl together with
perovskite, wadsleyite and the oxides corundum, periclase,
bromellite, Li2O, Na2O, BeO and B2O3. In later studies,
additional calculations were completed for a number of
other silicates. Also included in the study were properties
calculated for the phosphates AlPO4–15 and a-NaMgPO4
and the sulfates anhydride and vanthoffite. The trends for
the first row M––O bonded interactions were extended by
including properties that were calculated for the molecules
H4CO4, H6C2O7, H6C2O, H3COH, H2CO, CO2 and CO,
each geometry-optimized at the BLYP/6–311++(2d,p) level. In short, the calculations yielded the bond critical
point and local energy density properties for first row M
atoms bonded to O for the bonded interactions Li––O
through C––O and for second row bonded interactions
Na––O through S––O. These results were used to explore
the variation in the properties of the bonded interactions
as the M––O bond lengths and the electronegativity differences between the M atoms and O decrease from left to
right in the periodic table.
The M––O bond lengths, R(M––O), for the silicates,
phosphates, sulfates, oxides, carbonates and the C––O
bearing molecules are plotted in Fig. 17a with respect to
r(rc ) and in Fig. 17b with respect to r2r(rc ). Two quasiparallel trends are displayed in Fig. 17a, one for the
bonded interactions involving the first row atoms Li
through C and the second for interactions involving the
second row atoms Na through S. Along the two trends,
the value of r(rc ) increases as the electronegativity difference, Dc, between the bonded atoms tends to decrease.


a


b
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Also, for each of the bonded interactions, R(M––O) decreases with increasing r(rc ), the larger the value of r(rc ),
the shorter the bond in agreement with Bader’s assertion
[2] that an equilibrium bond length decreases as r(rc ) increases. In general, a given increase in r(rc ) results in a
substantially greater decrease in bond length for the longer
bonds than that displayed for the shorter ones. As evinced
by Fig. 17b, r2r(rc ) also increases for each of the bonded
interactions with decreasing bond length. With the exception of several C––O bonded interactions, r2r(rc ) is positive and relatively large, particularly for the more electronegative atoms like Si, B, P and S. Inherit in the trends
displayed in Fig. 17 between r(rc ), r2r(rc ) and R(M––O),
r2r(rc ) increases linearly with increasing r(rc ) for each of
the bonded interactions. A similar but more poorly developed trend exists for the C––O bonded interactions. In addition to being highly correlated with r(rc ), R(M––O) is
also highly correlated, as discussed above, with both bond
valence and bond strength. These parameters, however, are
not quantum mechanical observables like r(rc ), the expectation value of the density operator at the bond critical
point [157]. As such, the correlations between R(M––O)
and r(rc ) are more meaningful in the sense that they involve well-defined observable quantities unlike the bond
strength-, valence-bond length correlations. The accumulation of the electron density along a bond path is not only
associated with a lowering of the energy, but it is also
mirrored by a virial path, a line that connects the bonded
pair along which the potential energy density is maximally
stabilizing [158]. The accumulation of the electron density
along the bond paths of the bonding interactions is expected to stabilize a structure relative to one that lacks
bond paths [69] given that r(r) adopts a arrangement such
that the energy of the resulting configuration is minimized.
The bonded radii for a M––O pair of bonded atoms,
defined by Bader [2] as the distance between the nuclei of
M and O and the bond critical point, are denoted rb (M)
and rb (O), respectively. The bonded radius of the O atom
displays a relatively wide range of values for the bonded
interactions displayed in Fig. 17, ranging between a value
of 0.8 
A when it is bonded to an electronegative atom
A when bonded to an electropolike C in CaCO3 to 1.5 
sitive atom like Na [54] in low albite, NaAlSi3O8. In contrast, the ionic radius of the oxide anion displays a relatively small range of values, varying between 1.21 
A to
1.28 
A as its coordination number increases from 2 to 8
[30]. Like the parallel trends between R(M––O) and rðrc Þ,
the value of rb (O) increases linearly with increasing
R(M––O) along parallel trends with the radii of the O
atoms bonded to second row M atoms exceeding those
bonded to the first row M atoms by 0.1 
A for a given
bond length. As R(M––O) increases, rb (M) also increases
for each of the bonded interactions. For example, as
R(B––O) increases from 1.35 
A to 1.5 
A, rb (B) in
creases from 0.87 A to 1.1 
A and as R(Al––O) increases from 1.70 
A to 2.1 
A, rb (Al) increases from
0.95 
A to 1.25 
A. Overall, the increase of rb (M) for a
given increase in R(M––O) for first and second row M
atoms is smaller than that displayed by rb (O). As
R(M––O)  rb (M) þ rb (O) for the M––O bonded interactions used to construct Fig. 17, the bond paths for the
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M––O interactions are typically straight rather than curved,
closely paralleling the M––O bond vectors, a feature that
indicates that the bonds are largely strain free [2].
As observed above, an individual O atom for a given
crystal often displays a relatively wide range of different
bonded radii, particularly when the atom is bonded to several different metal atoms. For example, the nonequivalent
O atoms in danburite, CaB2Si2O8, [159] are each bonded
to three different metal atoms, B, Si and Ca, with average
A,
experimental bond lengths of R(IVB––O)  1.47 
A and R(VIICa––O)  2.44 
A. Rather
R(IVSi––O)  1.62 
than a single bonded radius, each O atom displays a
bonded radius of 1.00 
A along the B––O bond vector,
0.94 
A along the Si––O bond vector and 1.23 
A along
the Ca––O bond vector. This result substantiates the
O’Keeffe-Hyde [39] claim that the radius of a bonded
atom like the O atom is not single valued. It is also consistent with the observation that the bonded radius of the
O atom correlates with the electronegativity difference between the M and O atoms, the greater the Dc value, the
larger the radius of the O atom.
Clearly, as displayed by the electron density distribution observed for danburite and other silicates, the size of
an O atom, as measured along a bond vector, depends on
the kind of atom and the lengths of the bond vectors
reaching the O atom, the longer the bond in a given direction, the larger the bonded radius in that direction. It is
clear that the bonded radius of the O atom is only defined
along a bond vector and that it is undefined along all
other directions. Further, on the basis of the electron density distribution, the O atoms in danburite do not behave
as rigid spheres each with a well-defined radius but are
polarized, depending on the properties of the M atoms to
which it is bonded. In point of fact, the variability of the
radius of an O atom is further justification for using bond
lengths rather than radii in determining whether one
bonded interaction in a structure can be replaced by another or whether one structure is favored over another
based on its position in a structural field map.
The r(rc ) values, the magnitude of the average curvatures of r(rc ), jl1,2j ¼ 1=2 jl1 þ l2j, measured perpendicular to the bond path, the third curvature, l3, and r2r(rc ),
calculated for the Si––O bonded interactions, are plotted in
Fig. 18 (red open squares) with respect to the experimental
bond lengths, R(Si––O). As the bond length decreases,
jl1,2j increases at a substantially slower rate than l3 increases. As the magnitudes of l1 and l2 are substantially
smaller than l3, r2r(rc ) ¼ l1 þ l2 þ l3 is not only positive, but it also increases relatively rapidly in magnitude
with decreasing bond length and the increasing value of
r(rc ). With the possible exception of the C––O bond, the
increase in l3 and hence in r2r(rc ) with decreasing bond
length for each of the M––O bonded interactions indicates
that electron density is systematically contracted toward
the bonded atoms, progressively shielding the nuclei of
the bonded atoms [4].
The experimental electron density distributions and the
VI
Si––O bond critical point physical properties determined
with high energy synchrotron single crystal X-ray diffraction data for stishovite (blue spheres) [94] and the IVSi––O
properties determined for scolecite (orange spheres) [160],
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Fig. 18. The experimental Si––O bond
length, R(Si––O), for the silicates displayed in Fig. 17 plotted with respect
to r(rc ) (a), jl1,2j ¼ 1=2jl1 + l2j (b), l3
(c) and (d) r2r(rc ) (red open squares).
Superimposed upon the calculated data
are experimental bond length and model experimental bond critical point
properties measured with high energy
synchrotron and high resolution single
crystal data (stishovite, blue spheres;
coesite, black spheres and the olivines
Mg2SiO4 [161], Fe2SiO4 [162],
Mn2SiO4 [163], Co2SiO4 [164], green
spheres and scolecite, orange spheres
[160].

forsterite, Mg2SiO4 [161], fayalite, Fe2SiO4 [162], tephroite, Mn2SiO4 [163] and Co2SiO4 olivine [164] structures (green spheres) [165] and for the high resolution single crystal data collected for coesite (black spheres) [86]
are plotted in Fig. 18 with respect to their experimental
bond lengths for comparison. The agreement between the
calculated and the experimental data sets is comparable in
several cases, demonstrating that the theory has advanced
to a stage where the calculated properties are often similar
to those determined experimentally. As the bond lengths
decrease, there is a progressive accumulation of electron
density at the bond critical points and at the interatomic
surface associated with the local concentration of the electron density toward the bond path. However, the interactions are dominated by a larger local depletion of electron
density along the bond path, resulting in an increase in the
local electronic energy density together with the concomitant increase in the shared interaction for the Si––O bond.
The progressive local concentration of the electron density
parallel to the bond path in the direction of the bonded

Fig. 19. The figures on the left and
right are copies of Fig. 18a and d,
respectively, with data recorded with
conventional lower intensity single
crystal data for danburite (open circle),
diopside (open triangle), datolite (open
square), topaz (open star) and
LiGaSi2O6 (open diamond) [104]
superimposed on the figure.


a
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atoms serves to shield the nuclei, as discussed above, as
their separation decreases.
Despite the comparable calculated trends, Gibbs et al.
[155] found that the physical properties determined for
model experimental electron density distributions generated with conventional lower energy X-ray single crystal
experiments often depart somewhat from the calculated
trends. For comparison, the experimental data for the
Si––O bonds for these silicates are plotted in Fig. 19
where it is apparent that a number scatters within the
range displayed by the calculated trends whereas others
scatter somewhat outside the trends. For the silicates danburite [159], topaz [166] and diopside [103], only the values for rðrc Þ and r2r(rc ) were reported. The r(rc ) values
for danburite fall well within the scatter of the calculated
trend but the r2r(rc ) values fall slightly outside the calculated trend with smaller experimental values. The close
agreement of the danburite data with the calculated values
is a testament of the care used by Downs and Swope
[159] in collecting the data set. In contrast, the experimen-
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tal values for, LiGaSi2O6, datolite, diopside and topaz are
in somewhat poorer agreement with the trends with r(rc )
values that are uniformly larger and r2r(rc ) values that
are smaller than the calculated values. Also, with a few
exceptions, the r2r(rc ) values are smaller in value than
the calculated ones and the experimental values for coesite. The difficulty in determining comparable r2r(rc ) values with low energy single-crystal data is understandable
given that it is a second derivative.
For bonded interactions other than Si––O bonded interactions, high energy synchrotron single crystal X-ray diffraction data have also been recorded for the Mg––O
bonded interactions for forsterite [161], the Fe––O interactions for fayalite [162], the Mn––O interactions for tephroite [163] and the Co––O bonded interactions for
Co2SiO4 olivine [164]. In Fig. 20, the Mg––O and Fe––O
bond critical properties calculated for forsterite and fayalite and several other minerals are compared with the corresponding experimental values. As observed for the
Si––O bonded interactions for stishovite and coesite, the
experimental physical properties of the electron density
distributions for the Mg––O and Fe––O bonded interactions scatter within or close to the scatter displayed by the
calculated data. As the experimental and calculated
r2r(rc ) and r(rc ) values each increase, the experimental
bond lengths decrease nonlinearly as displayed by the
Si––O bonds. Similar agreement exists between the experimental and the calculated physical properties for the
Mn––O and Co––O bonded interactions [165]. Model physical properties recently calculated for senarmonite [155],
Sb2O3, are also comparable with modeled experimental
properties [167] obtained with high resolution X-ray diffraction data, particularly given that it contains a heavy
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atom like Sb. The experimental r2r(rc ) and r(rc ) values
for the Ca––O and Na––O bonded interactions for danburite and the fibrous zeolites are also comparable with those
calculated [155]. Overall, the agreement between the calculated properties and those obtained with high resolution
and synchrotron single crystal diffraction data for the silicates is comparable. In contrast, the agreement between
experimental data collected with conventional diffraction
methods ranges from moderately good to good. The agreement between the calculated and the synchrotron and the
high resolution experimental properties supports the earlier
assertion that the calculated properties are comparable in
accuracy with the experimental data and that the calculations can be undertaken for a wide range of minerals in
the generation of useful crystal chemical information. Indeed, a recent study of the bond critical point physical
properties for the Ni sulfide heazlewoodite (see below) has
demonstrated that the calculated physical properties of the
electron density distributions for the sulfide closely match
those observed. It is anticipated that future calculations
will improve our understanding of the bonding interactions for minerals like the sulfides which are often poorly
crystallized, twinned and disordered.
As observed above, the first and second row M––O
bond length data decrease and scatter along quasi-parallel
trends when plotted against the bond strength and bond
valence (Figs. 1a and 2a) in much the same way that the
M––O bond lengths decrease and scatter along quasi-parallel trends when plotted against r(rc ) (Fig. 17a). Also as
observed above, when the individual bond valences for the
M––O bonded interactions are divided by the periodic table row number, r, of the atoms comprising the interactions, the data scatter roughly along a single trend (Figs. 1b

Fig. 20. Experimental and calculated
Mg––O bond lengths, R(Mg––O),
plotted with respect to r(rc ) and
r2r(rc ) (top) and experimental and
calculated Fe––O bond lengths,
R(Fe––O), plotted with respect to r(rc )
and r2r(rc ) (bottom). The experimental Mg––O data obtained with synchrotron radiation are plotted as green
spheres and the calculated data are
plotted as open green squares. The experimental synchrotron Fe––O data are
plotted as blue spheres and the calculated data are plotted as blue squares.
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Fig. 21. The calculated r(rc ) values for the Si––O bonded interactions
used to prepare Fig. 17 (red open squares) plotted with respect to the
empirical bond valence s calculated with the Brown-Shannon [50]
expression s ¼ (R(Si––O)/1.625)4.5. Symbols are defined in Fig. 18
legend.

and 2b) that was modeled with the expression R(M––O) ¼
1.39(s/r)0.22. As the trend in Fig. 17a is similar to that
found between R(M––O) and s [53], the r(rc ) values used
to prepare the Fig. 17a were likewise divided by r. When
the resulting rðrc Þ/r values were plotted against R(M––O),
the data also scattered roughly along a single trend
[168]. A regression analysis of the data set resulted in the


a

power law expression R(M––O) ¼ 1.42(r(rc)/r)0.19 similar
to that used to model the s vs. R(M––O) trends. The
agreement between the two expressions not only indicates
that s/r and r(rc )/r are connected, but it also provides a
theoretical basis for the empirical correlations that have
been established between bond length, bond valence and
bond number [50, 52]. In an illustration of the connection, the empirical bond valences were calculated with the
Brown-Shannon expression s ¼ (R(Si––O)/1.625)4.5 for
the experimental Si––O bond lengths used to construct
Fig. 17 [169]. The resulting empirical bond valences for
the Si––O bonded interactions are plotted against the rðrc Þ
values for the interactions in Fig. 21. The fact that the
data track roughly along the 45 line indicates that there
is an one-to-one correspondence, on average, between the
empirical bond strength and the value of the electron
density at the bond critical point. The empirical bond
strengths, calculated with the experimental bond lengths
for stishovite, forsterite, fayalite, tephroite and Co2SiO4,
are plotted in the figure using the r(rc ) values determined
experimentally with synchrotron single crystal diffraction
data [94, 165]. With the exception of the olivine data
points, the bulk of the experimental values track within or
close to the scatter of the calculated values. Despite the
different bases upon which s and rðrc Þ are defined, the
correlation between the two indicates that they measure
similar properties of a Si––O bonded interaction, the greater the value of s, the greater the accumulation of the electron density at the bond critical points and the stronger
the bond. As observed above, not only can the bond va-


b


d


c


e

Fig. 22. The experimental Si––O bond lengths, R(Si––O), and the bond critical point properties of the Si––O bonded interactions used to construct
Fig. 17 (red open squares). Superimposed on the figure (blue spheres) are the optimized bond length and bond critical point property data
calculated for a variety of hydroxyacid molecules [171].
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lence be used to reproduce the bond lengths for a large
number of materials, but it also closely mimics the value
of rðrc Þ for the Si––O bond surprisingly well. It also provides a basis for why bond strength has been so successful in modeling the bonded interactions in crystals (cf.
[44]) and glasses (cf. [170]).
As discussed above, the Si––O bond lengths and
Si––O––Si angles observed for small silicic acid molecules
are virtually the same as those observed for the silica
polymorphs. Also, the bond lengths optimized for a relatively large number of molecules correlate with the physical properties in much the same way as those displayed in
Fig. 18 for silicate crystals. To establish the connection
between the bond critical point properties for the molecules and the silicate crystals, the optimized Si––O bond
lengths and the bond critical point physical properties calculated for the molecules (plotted as blue spheres) studied
by Gibbs et al. [171] are compared with those calculated
for the silicates in Fig. 22 (plotted as open red squares). In
large part, the data for the molecules track within or close
to the trend defined by the silicate crystals, additional evidence that the bond critical point properties and the Si––O
bonded interactions for the two systems are virtually the
same. The agreement between the bond lengths and bond
critical point properties for the silica polymorphs and the
silicate molecules provides an additional basis for understanding why gas phase molecules like disilyl oxide have
been successfully used as model structures in the geosciences, advancing our understanding of the reaction of
the silica polymorphs, for example, with water and related
molecules at the atomic level. The agreement likewise provides a basis, as discussed above, for understanding why
the force field for a tiny molecule disilyl oxide has been
successfully used in the generation of the structure of a
large number of structure types for crystalline silica (see
below), including quartz and cristobalite [118].

Classification of nontransition metal M––O
bonded interactions
In a careful consideration of atomic interactions, Bader
and Essén [73] observed that the Laplacian of the electron density distribution is connected to the local kinetic
energy density, G(r), and the local potential energy density, V(r), by means of the local form of the virial theorem
1
=4r2r(r) ¼ V(r) þ 2G(r) (in atomic units, au) where G(r)
is positive definite and V(r) is always negative. As observed by Parr and Wang [3], G(r) is given by the gradients of the electron density and, with a knowledge of
r2r(r), V(r) can be evaluated using the expression for the
local virial theorem (see Fig. 23 legend for an expression
for G(r)). By mapping those regions where r2r(r) < 0
and where jV(r)j is necessarily greater than 2G(r), regions
are defined where r(r) is locally concentrated and the potential energy dominates in magnitude. In contrast, by
mapping regions where r2r(r) > 0 and where 2G(r) is
necessarily greater than jV(r)j, regions are defined where
r(r) is locally depleted and the kinetic energy dominates.
The connection between R(M––O), G(r), V(r) and the local
electronic energy density, H(rc ) ¼ G(rc ) þ V(rc ), evaluated
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Fig. 23. The connection between the local kinetic energy density,
G(rc ), the local potential energy, V(rc ), and the electronic energy density, H(rc ) ¼ G(rc ) þ V(rc ) and bond length, R(M––O), for the M––O
bonded interactions used to construct Fig. 17. The kinetic energy density G(r) can be generated with the inner products of the gradients of
the orbital densities
P ri and their occupation numbers ni by the expresni[rri(r)  rri(r)]/ri(r) summed over all of the
sion G(r) ¼ 1=8
i
Sham-Kohn natural orbitals. Once G(r) and r2r(r) are determined,
V(r) can be determined with the local virial expression
1
=4r2r(r) ¼ V(r) þ 2G(r) in au [3].

at the bond critical points of the bonded interactions, is
displayed in Fig. 23 for the minerals and molecules used to
construct Fig. 17. With an accumulation of electron density
at rc and a decrease in bond length, G(rc ) increases while
V(rc ) decreases such that H(rc ) is negative (i.e., jV(r)j >
G(rc )). H(rc ) is negative for each of the bonded interactions
displayed in Fig. 17 except for the Li––O, Be––O, Na––O
and Mg––O interactions where H(rc ) is positive. For the
B––O, C––O, Al––O, Si––O, P––O and S––O bonded interactions, H(rc ) is not only negative, but it decreases linearly
with the increasing value of r(rc ) and decreasing bond
length. In contrast, for the remaining interactions, H(rc ) is
positive and decreases linearly with decreasing r(rc ) and
increasing bond length. Thus, when H(rc ) is negative, the
magnitude of the potential energy density dominants and
V(rc ) decreases in value as rðrc Þ increases whereas when
H(rc ) is positive, the kinetic energy density dominants and
G(rc ) increases in value as rðrc Þ increases. In reality,
r2r(r), H(rc ), r(rc ) and the local energy density properties
have also played a central role to one degree or another in
the classification of bonded interactions.
Indeed, the classification of a M––O bonded interaction
is at the heart of the AMC theory forged by Bader [2] and
his coworkers (cf. [69]). On the basis of the theory, strategies have been proposed for classifying interactions with a
number being satisfactory to one degree or another. Of
these, three of the more highly cited and simpler strategies
will be considered. The first was proposed by Bader and
Essén [73], the second by Cremer and Kraka [41] and the
third was recently proposed by Espinosa et al. [172]. (For
other classifications of merit, see Bone and Bader [173],
Gatti [69], Bianchi et al. [174], Macchi and Sironi [175],
and Stash et al. [176], for example).
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The Bader and Essen [73] strategy employs the sign of
the Laplacian and the values of r(rc ) and the G(rc )/r(rc )
ratio in classifying a bonded interaction as either a shared
(covalent), intermediate or a closed-shell (ionic) interaction. A bonded interaction is classified as shared when
A3)
r2rðrc Þ < 0.0, r(rc ) is relatively large (r(rc ) > 1.0 e/
and the ratio G(rc )/r(rc ) < 1.0. On the other hand, when
A3 and the ratio G(rc )/r(rc )
r2r(rc ) > 0.0, r(rc ) < 1.0 e/
1
> 1.0 e , the interaction is classified as either an intermediate or a closed shell ionic interaction. If r2r(rc ) >
0.0 and rc is located relatively far from the nodal surface
of the Laplacian, then the interaction is classified as a
closed-shell interaction. But if rc is located relatively close
to the nodal surface or r(rc ) is much larger than the value
associated with the closed-shell upper limit, 0.6 e/
A3 or
both, then the interaction is classified as an intermediate
interaction. In general, the further the distance that rc is
from the surface and the smaller the value of r(rc ), the
greater the closed-shell character of the interaction. Bader
and Essén [73] were careful to observe that an intermediate and particularly a closed-shell interaction is stabilized
as a result of the electron density being locally concentrated within the atomic basins of the bonded atoms. Since
its proposal, Bader [2] and later workers have found that
Bader-Essen rules satisfactorily classify the bonded interactions for a wide range and relatively large number of
diatomic hydride, oxide, sulfide, fluoride and nitride molecules together with a large number of molecules involving
first and second row atoms and silicates, phosphates and
sulfates.
As displayed in Fig. 17, the r2r(r) values generated
for the M––O bonded interactions are all positive (except
for the bulk of the C––O bonded interactions) and relatively large, particularly for the interactions involving the
more electronegative atoms like Si, P and S. Also their
A3. If we discount
r(rc ) values are greater than 0.6 e/
that the G(rc )/r(rc) ratios for these bonded interactions are
greater than 1.0, then each of the bonded interactions qualifies as an interaction of intermediate character. The bulk
of the C––O bonded interactions classify as shared except
for the C––O bond in carbon monoxide which classifies as
intermediate in character.
There has been considerable debate regarding the elusive character of the Si––O bond [75] since Pauling first
asserted on the basis of electronegativity considerations
that it is a bond of intermediate character. As reported in
the literature, several workers consider the bond to be predominately closed shell ionic [95, 177–180], others predominately shared covalent [181, 182] and others intermediate in character [6, 137]. In an examination of the physical
properties of the electron density distributions for a variety
of silicate molecules [183], the calculated r(r) and r2r(r)
values for the Si––O bonded interactions were each
reported to increase progressively in value with decreasing bond length and coordination number of Si
A5, r(r) ¼ 0.50 e/
as follows: VIIISi––O, r2r(r) ¼ 6.2 e/

A3: VISi––O, r2r(r) ¼ 15.8 e/
A5, r(r) ¼ 0.74 e/
A3;
IV
2
5
3
II
Si––O, r r(r) ¼ 26.0 e/
A , r(r) ¼ 0.97 e/
A ; Si––O,
A5, r(r) ¼ 1.36 e/
A3. In short, as the
r2r(r) ¼ 45.4 e/
geometry optimized bond lengths decrease progressively
A to R(IVSi––O) ¼ 1.62 
A with
from R(VIIISi––O) ¼ 1.96 
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decreasing coordination number, the bond critical point
shifts progressively toward the nodal surface of the Laplacian from a distance of 0.60 
A for the VIIISi––O bonded
interaction to 0.15 
A for the IVSi––O interaction [183].
On the basis of these results, it is evident that the shared
character of the Si––O bond increases with decreasing coordination number and bond length from an closed-shell
ionic VIIISi––O interaction to an intermediate IVSi––O interaction [183]. If we discount the fact that the G(rc )/r(rc)
ratio is greater than 1.0, then the IVSi––O bonded interaction qualifies as a bonded interaction of intermediate charA5 to
acter. It is noteworthy that r2r(rc ) increases from 6.2 e/
A 3 to 1.36 e/
A3 and
45.4 e/
A5 as r(rc ) increases from 0.50 e/
the Si––O bond length shortens from 1.96 
A to 1.48 
A.
As observed above, the value of the local kinetic energy density per electron, G(rc )/r(rc ), is asserted to be less
than 1.0 e1 for a shared interaction and greater for a
closed-shell interaction [73]. In a molecular modeling of
the local density properties for the bonded interactions for
coesite, Gibbs et al. [75] found that the G(rc )/r(rc ) ratio is
substantially greater than 1.0 e1 indicating that the Si––O
bonded interaction is closed-shell ionic rather than an interaction of intermediate character. Further, the ratio was
found to increase linearly from 2.21 e1 to 2.32 e1 as the
Si––O bond length decreased from 1.621 
A to 1.595 
A
3

)
increased
from
0.92
e/
A
to 0.95 e/
A3.
and the value of r(rc
In a more recent study of the connection between
R(M––O) and the G(rc )/r(rc ) ratio, it was found that a
scatter diagram of R(M––O) with respect to the ratio
(Fig. 24a) organizes the M––O bonded interactions used to
construct Fig. 17 into several distinct trends with the ratio
increasing linearly with decreasing bond length and coordination number [184]. One Mg––O, a VISi––O and a
IV
C––O bonded interaction display ratios less than 1.0 e1
and as such classify as shared-interactions. The ratios for
the remaining interactions are all greater than 1.0 e1, and
accordingly, classify as closed-shell interactions, including
the C––O double bonded interaction for the carbon dioxide
molecule and the C––O triple bonded interaction for the
carbon monoxide molecule. Despite these relationships,
Fig. 24a actually shows that G(rc )/r(rc ) decreases linearly
for each of the interactions with decreasing bond length,
and as demonstrated below, as the coordination number
deceases. In the case of the Al––O bonded interactions, as
the Gðrc Þ/rðrc Þ ratio increases in value from 1.5 e1 to
2.0 e1, the coordination number of the Al atoms comprising VIAlO4, VAlO5 and IVAlO6 polyhedra decreases in succession from 6 to 5 to 4, respectively, while the R(Al––O)
A to
bond lengths decrease from R(VIAl––O)  1.95 
A to R(IVAl––O)  1.74 
A, respectively.
R(VAl––O)  1.85 
Similar trends hold for the bulk of the remaining bonded
interactions with the bond length and the coordination
number decreasing as the Gðrc Þ/rðrc Þ ratio increases. Specifically, as the ratio increases in value for the B––O
bonded interactions from 1.5 e1 to 2.0 e1, R(B––O)
A to R(IIIB––O)
decreases from R(IVB––O)  1.45 
 1.35 
A. Also, as the ratios for the Si––O interactions increase from 1.0 e1 to 2.7 e1, R(Si––O) decreases from
A to R(IVSi––O)  1.62 
A and as the
R(VISi––O)  1.75 
ratio for the C––O bonded interaction increases progressively from 0.5 e1 to 2.5 e1, R(C––O) decreases progres-
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Fig. 24. Scatter diagram of R(M––O) with respect to (a) the local kinetic energy density per electron, G(rc )/r(rc ) e1 and (b) to the local electronic energy density per electrons, H(rc )/r(rc ) e1. The symbols for the M––O bonded interactions used in (a) are given in (b).

sively from R(IVC––O)  1.39 
A to R(IIIC––O)  1.29 
A to
II

A. In a reR( C––O)  1.16 A and to R(IC––O)  1.12 
cent study of Co-Co metal bonded interactions, Gatti and
Lasi [185] found that the G(rc )/rðrc Þ ratio increases from
0.35 e1 to 1.19 e1 as R(Co––Co) decreases systematically from 2.691
A to 2.168
A, r(r) increases from 0.244 e/

A3 and H(rc ) decreases from 0.02 to 0.3
A3 to 0.530 e/
au, suggesting that the trend displayed by Fig. 24a may be
more general and perhaps holds for metal-metal interactions.
The increase in the G(rc )/r(rc ) ratio with decreasing
R(M––O) and the coordination number is consistent with
the famous Mooser-Pearson [186] separation diagrams for
normal valence MiXj (i, j ¼ 1,3: M ¼ Na, Mg, Ca, Be, etc.;
X ¼ Cl, O, S, C, etc.) solid state materials that exhibit the
dependence of a crystal structure on the average principal
quantum numbers, hhi, for the valence shell electrons and
the electronegativity differences, Dc, of bonded pairs of
atoms [3]. They asserted that as hhi and Dc both decrease, the atomic orbitals, AOs, comprising a bonded interaction become better developed and more highly directed whereas when Dc and hhi both increase in value, the
AOs become more poorly developed with the bonded interactions being more poorly directed. Preparing scatter
diagrams of hhi and Dc, they found that the bonded interactions for a large number of crystals were partitioned into
largely disjoint domains, each populated with structures
with the same coordination numbers. The domains, with
more open structures with four coordinated atoms with the
more directed bonded interactions, were found to involve
atoms with smaller Dc and hhi values than those populated with structures with six coordinated atoms. As such,
the more open structures with atoms with smaller coordination numbers like boron nitride, IVBIVN, were asserted
to consist of directed shared bonded interactions whereas
close-packed structures like rock salt, VINaVICl, with six
coordinated atoms were asserted to consist of more poorly
directed closed-shell bonded interactions.
In a highly cited follow-up paper employing dispersion
theory, Phillips [187] examined the character of the chemi-

cal bond for a large number of M n X 8n materials with
respect to spectroscopically defined covalent and ionic energy band gaps. On the basis of the gaps, materials like
IV IV
B N with large covalent gaps were partitioned uniquely
into a domain containing structures with only four coordinated atoms whereas materials like VINaVICl with large
ionic gaps were partitioned into a disjoint domain containing structures with only six-coordinated atoms. On the basis of this unique partitioning of structures, it was asserted
[187] that covalent interactions favor the formation of
open structures with well-directed shorter bonded interactions and lower coordination numbers and that ionic interactions favor more close packed structures with less directed, longer bonded interactions with larger coordination
numbers. More recently, the decrease in bond length with
decreasing coordination number was firmly established for
the M––O bonded interactions for a relatively large number of oxides by Shannon and Prewitt [29] and later by
Shannon [30]. Further, Shankar and Parr [188] demonstrated with hardness sum and electronegativity difference
plots that Coulombic effects dominate for six and eight
coordinated crystal structures and that covalent effects
dominate for three and four coordinated structures.
With these results, the decrease of R(M––O) and coordination number with the increasing G(rc )/rðrc Þ ratio (displayed in Fig. 24a) conforms with a trend of increasing
shared bond character, the greater the ratio for a given
bonded interaction, the greater the shared character of the
interaction. As such, the organization of the bonded interactions in Fig. 24a into largely disjoint linearly domains
suggests that the local kinetic energy density per electron
is connected to the degree to which the shared character
of a given bonded interactions is developed. On the
whole, the greater the value of G(rc )/r(rc ), the shorter the
bond length, the smaller the value of coordination number,
the larger the value of r(rc ) and the greater the shared
character of a bonded interaction. On the basis of these
trends, the anticipation that the G(rc )/r(rc ) ratio is less
than 1.0 for shared interactions and greater for closedshell interactions does not appear to hold for the M––O
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interactions considered in this study but rather the converse appears to be true.
As H(rc ) progressively decreases with decreasing bond
length for shared and intermediate interactions, a similar
connection was examined between R(M––O) and the electronic energy density per electron, H(rc )/r(rc ) [172]
(Fig. 24b). The scatter diagram organizes the bonded interactions into roughly disjoint linear domains, particularly
for the more electropositive M atoms [184]. A scatter diagram of the G(rc )/r(rc ) with respect to the H(rc )/r(rc ) ratio organizes the bonded interactions into the largely linear
domains (Fig. 25) where the G(rc )/r(rc ) ratios for the
C––O, B––O, Al––O, S––O and P––O bonded interactions
are positively correlated with the H(rc )/r(rc ) ratio. In contrast, the Gðrc Þ/r(rc ) ratio for the Si––O bonded interaction
is negatively correlated with H(rc )/r(rc ). With few exceptions, Dc decreases from right to left in the figure in the
order [189]: Na––O, Dc ¼ 2.74; Li––O, Dc ¼ 2.59;
Mg––O, Dc ¼ 2.32; Be––O, Dc ¼ 2.03; Al––O, Dc ¼
2.00; Si––O, Dc ¼ 1.69; B––O, Dc ¼ 1.56; P––O, Dc ¼
1.36; S––O, Dc ¼ 1.02 and C––O, Dc ¼ 1.07. As the ratio
G(rc )/r(rc ) for a given bonded interaction increases with
decreasing bond length and coordination number, the
shared character for each bonded interaction increases
along each trend from bottom to top in the figure. Further,
as the coordination number decreases with decreasing
bond length, the local kinetic energy per electron for the
bonded interactions (comprising a coordinated polyhedron)
is indicated to increase. As such, the Gðrc Þ/r(rc ) ratio for
a silicate tetrahedral SiO4 oxyanion is greater than that for
a larger silicate octahedral SiO6 oxyanion. In other words,
the smaller the coordination number for a given M atom,
the greater the local kinetic energy density per electron for
a given bonded interaction.
In formulating the underpinning for their strategy for
classifying bonded interactions, Cremer and Kraka [41]
argued that the sign of the Laplacian as employed by Bader and Essen [73] is deficient in classifying bonded inter-

actions inasmuch as the local energy density values in the
interval 2G(rc ) > jV(rc )j > G(rc ) are not considered. As
observed above, the classification is based on a number of
other factors in addition to the sign of the Laplacian. Cremer and Kraka argued that the sign of H(rc ) is a more
appropriate measure of bond character. Unlike the sign of
the Laplacian which is determined by the local virial expression, the sign of H(rc ) is determined by the electron
density itself, and as such, it is negative for all bonded
interactions that result from an accumulation of electron
density at rc [173]. Cremer and Kraka [41] asserted that
when jV(rc )j is larger than G(rc ) such that H(rc ) ¼ V(rc ) þ
G(rc ) is negative, then a bonded interaction is shared. On
the other hand, when G(rc ) > jV(rc )j and H(rc ) is positive,
a bonded interaction is a closed shell interaction with little
or no electron density accumulated at rc . As demonstrated
above, the more negative the value of H(rc ), the more
shared the bonded interaction, the greater the accumulation of electron density at rc, the greater the dominance of
local potential energy over the kinetic energy and the
greater the stability of the interaction [41]. As observed
above, the H(rc ) values for the Be––O, B––O, C––O,
Al––O, Si––O, P––O and S––O bonded interactions displayed in Fig. 26 are each negative with H(rc ) decreasing
for each bonded interaction with decreasing bond length
and coordination number and increasing r(rc ). In contrast,
the H(rc ) values for the Li––O, Na––O, and Mg––O interactions are each positive with H(rc ) actually increasing
with decreasing bond length, coordination number and increasing r(rc ) with the local kinetic energy density dominating at rc . As such, the Li––O, Na––O and Mg––O
bonded interactions classify as closed-shell ionic interactions while the remaining M––O interactions with negative
H(rc ) values classify as shared interactions with the shared
character increasing as H(rc ) becomes progressively more
negative (Fig. 26). If jV(rc )j is greater than G(rc ), then it
indicates that the accumulation of the electron density in
the internuclear region has a stabilizing impact on the struc-

Fig. 25. Scatter diagram of the local kinetic energy density per electron, G(rc )/r(rc ), with respect to the local electronic energy density
per electron, H(rc )/r(rc ), for the bonded interactions used to construct
Fig. 17.

Fig. 26. Scatter diagram of R(M––O) with respect to the local electronic energy density, H(rc ) ¼ G(rc ) þ V(rc ) (au) where G(rc ) is the
local kinetic energy density and V(rc ) is the local potential energy
density.
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ture. If, on the other hand, G(rc ) is larger than jV(rc )j,
then the accumulation is destabilizing, typical of a nonbonded situation (i.e., a situation where there is no component of covalent bonding). The r(rc ) values calculated for
Li––O, Na––O and Mg––O match those calculated with a
procrystal representation of the electron density indicating
[140], as asserted by Bone and Bader [173], that little or
no electron density is accumulated at the bond critical
point when H(rc ) is positive as expected for a nonbonded
situation. Like the Bader-Essen classification (1994), the
Cremer and Kraka [41] classification has been used with
reasonable success in the classification of a variety of
bonded interactions ranging from LiF to C––N triple
bonds, including M––M bonded interactions.
The third classification, ably proposed by Espinosa
et al. [172], is based on the ratio jV(rc )j=G(rc ) rather than
directly on either r2r(rc ) or H(rc ). Nonetheless, the ratio
is based on the constraints assumed to exist for r2r(rc )
and H(rc ) for closed shell and shared interactions. It was
assumed that an interaction is a closed-shell interaction
when H(rc ) > 0 [41] and that it is a shared interaction
when r2r(rc ) < 0 [73]. For the case where H(rc ) ¼ 0,
G(rc ) þ V(rc ) ¼ 0 and when r2r(rc ) ¼ 0, 2G(rc ) þ
V(rc ) ¼ 0. For these two constraints, the two equalities
jV(rc )j=G(rc ) ¼ 1 and jV(rc )j=G(rc ) ¼ 2 each hold. With
these equalities, a bonded interaction is asserted to be
closed-shell when the ratio jV(rc )j=G(rc ) < 1, shared when
jV(rc )j=G(rc ) > 2 and intermediate when the ratio falls
between 1 and 2.
On the basis of the jV(rc )j=G(rc ) ratio, the Ca––O and
Mg––O bonded interactions in diopside classify as closedshell interactions as expected. The Si––O bonded interactions were found to be intermediate in character but with a
substantial component of closed-shell character with the
bridging Si––O bonded interaction comprising the
Si––O––Si bonded interactions displaying more closedshell character than the nonbridging typically shorter
Si––O interactions [103]. In an experimental study of transition metal compounds, Bianchi et al. [190] also found
on the basis of the jV(rc )j=G(rc ) ratio that the K––O
bonded interactions classify as closed-shell, Mn––O interactions as intermediate and Cl––O bonded interactions as
shared interactions. In addition, Gervasio et al. [67] reported that a variety of metal-metal bonds with ratios ranging between 1.0 and 2.0 lie in the intermediate region
between Na––F bonds in the closed shell region and the
C––C single bond for ethane in the shared region, demonstrating that metal-metal bonded interactions are intermediate rather than shared interactions. They also observed that
the metal-metal bonded interactions in organometallic molecular complexes have the same physical and local energy
density properties as those for bulk metals. This result was
not considered surprising inasmuch as the physical properties of the C––C bond in the gas phase molecule
H3C––CH3 were observed to be the same as that observed
for the C––C bonded interactions in a hard mineral like
diamond [191].
For the minerals used to construct Fig. 17, the
jV(rc )j=G(rc ) ratio was calculated and plotted in Fig. 27
with respect to the H(rc )/r(rc ) ratio where jV(rc )j=G(rc )
increases with decreasing Dc from the set of Na––O
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Fig. 27. Indicator ratio, jV(rc )j=G(rc ), for the M––O bonded interactions for the minerals in used to construct Fig. 17 plotted with respect
to the bond degree parameter, H(rc )/r(rc ). As asserted by Espinosa
et al. [172], a bonded interaction with a ratio jV(rc )j=G(rc ) less than
1.0 is a close-shell interaction, one with a jV(rc )j=G(rc ) ratio greater
than 2.0 is a shared interactions and one with a jV(rc )j=G(rc ) ratio
between 1.0 and 2.0 is intermediate interaction. The C––O data points
are for calcite, CaCO3, and magnesite, MgCO3.

bonded interactions (0.8) to the C––O bonded interactions (2.45) in calcite and magnesite. Clearly,
jV(rc )j=G(rc ) ranks each of the data sets as expected from
electronegativity considerations. The ratio increases for the
B––O, Al––O, Si––O, P––O and S––O interactions as the
experimental bond lengths and the coordination numbers
each increases. As such, the ratio appears to be satisfactory for classifying a given set of bonded interactions, but
it does not in several cases, appear to reflect the changes
in character of the individual bonds in the set. For example, a positive correlation exists between jV(rc )j=G(rc ) and
R(B––O) and coordination number for the B––O bond set
of data, with the ratio increasing in value 1.51 to 1.63 as
the coordination number increases from 3 to 4 and
A
to
R(B––O)
increases
from
R(IIIB––O) ¼ 1.34 
IV
A. Similar correlations exist for the
R( B––O) ¼ 1.50 
C––O, Mg––O, Al––O, Si––O, P––O, S––O bond data sets
[184]. If the shared character of a bonded interaction increases with decreasing bond length and coordination
number, then the positive correlation between the
jV(rc )j=G(rc ) ratio and R(M––O) and coordination number
observed for the bond data sets contradicts the assertion
that jV(rc )j=G(rc ) is a direct measure of the shared character of a given set of bonded interactions [184]. However,
for the Na––O and Mg––O closed-shell bonded interactions, a negative correlation exists between jV(rc )j=G(rc )
and bond length in agreement with the assertion.
Rooted in the Bader-Essen [73] and Cremer and Kraka
[41] classification recipies, Espinosa’s [172] recipe classifies the M––O bonded interactions in agreement with Pauling’s electronegativity difference recipe. However, as
warned by Gatti [69], one should be cautious about drawing conclusions about the nature of a bonded interaction
based solely on the properties of the electron density evaluated at a single bond critical point, however representative
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it may be. For a more comprehensive review of the classification of chemical interactions in crystals, the reader is
urged to consult Gatti’s review on chemical bonding in
crystals [69].

Estimates of the local kinetic
and potential energies from experimental
electron density distributions
To our knowledge, there is no direct strategy for determining the local kinetic and potential energy density values
directly from a model electron density distribution. But,
the local kinetic energy density can be estimated with the
gradient corrected electron gas theory approximation,
hG(r)i ¼ (3/10) (3p2)2/3 r5/3(r) þ l[rr(r)]2/rðrÞ þ 1=6
[r2r(r)] [192]. At a bond critical point where Dr(rc ) ¼ 0,
the approximation reduces to hG(rc )i ¼ (3/10) (3p2)2/3 r5/
3
(rc ) þ 1=6 [r2r(rc )]. With the value of hG(rc )i and the
local virial expression, the value of V(rc ) can be estimated
with the expression 1=4r2r(rc ) ¼ 2hG(rc )i þ hV(rc )i. With
the theoretical values for r(rc ) and r2r(rc ), estimates of
G(rc ), V(rc ) and hence H(rc ) can be determined. Using the
calculated values of r(rc ) and r2r(rc ) used to generated
the plots in Fig. 17, the values of hG(rc )i=r(rc ) and
hH(rc )i=r(rc ) were found by Gibbs et al. [184] to reproduce Figs. 25a and 26. With the comparable agreement
found between the calculated and estimated values of the
local energy density properties for 37 H––F closed shell
interactions, Espinosa et al. [193] concluded that the electron gas theory approximation provides a satisfactory estimate of the local properties. With the rðrc Þ and the
r2rðrc Þ values generated for the model calculated electron
density distribution for the Si––O and the (Mg, Fe, Mn,
Co)––O bonded interactions for the four olivines [165],

Fig. 28. The local kinetic energy G(rc ) calculated for the M––O
bonded interactions for the olivines forsterite, Mg2SiO4 [161] (red
spheres), fayalite, Fe2SiO4 ([162] (black spheres), tephroite, Mn2SiO4
[163] (blue spheres) and Co2SiO4 [164] (orange spheres) and the silica polymorphs coesite (black stars) and stishovite (blue stars) plotted
against the gradient corrected electron gas theory approximation of
G(rc ), hG(rc )i ¼ (3/10) (3p2)2/3 r5/3(rc ) þ 1=6 [r2r(rc )] when evaluated
at a bond critical point.

and the gas theory approximation and the virial expression, hGðrc Þi was calculated. These values are compared
with those calculated for the olivines in Fig. 28 where
G(rc ) and hG(rc )i are seen to be highly correlated. The
agreement is comparable but the G(r) values are slightly
larger than hG(rc )i for the large values. A regression line
through the data points yields a nearly perfect correlation
G(r) vs. hG(r)i with G(r) being roughly 10% larger than
hG(r)i. Overall, as asserted by Espinosa et al. [193], the
electron gas approximation performs well in reproducing
the local energy properties for a material when generated
with a relatively accurate electron density distribution.

Physical and local energy density properties
for the electron density distributions
for transition metal sulfides
Sulfides comprise an important class of minerals that exhibit a range of M––S, M––M and S––S bonded interactions
and structure types [194] in concert with a host of important electronic, magnetic and catalytic properties. If we are
to understand and exploit their manifold uses, then as observed above, an understanding of the connection between
the bonded interactions and the properties of the electron
density distribution at the atomic level is required. During
the past two decades, considerable effort has been expended to advance our understanding of sulfide crystal
structures, their stabilities and physical properties, using
semi-empirical and more recently first-principles calculations in the generation of the electronic structures [195].
As documented by Gibbs et al. [130, 137, 155] and later
by Vaughan and Rosso [196], it is now possible to use the
calculations to generate bond lengths and angles of structures together with their properties that match those observed within a few percent, thereby enhancing our understanding of sulfide crystal chemistry.
Using single crystal X-ray diffraction data, Stevens
et al. [197], made an important advance in a careful study
of the spin state of Fe2þ in pyrite by evaluating the Dr(r)
maps and establishing a connection between the features
in the distribution and the ligand field splitting of the
d-orbitals of the Fe atom. The maps revealed eight local
A3 in height at
maxima between 1.2 e/
A3 and 1.6 e/
0.6 
A from Fe, as expected for a (t2g)6 (eg)0 low spin
configuration, directed toward the faces of the FeS6 octahedron. A slight trigonal distortion of the FeS6 octahedron
resulted in a splitting of the three degenerate t 2g energy
levels into ag and eg levels. Using the parameters generated in a multipole refinement, they were not only able to
successfully calculate the electric field gradient but also
the magnitude of the quadrupole-splitting of the Mossbauer spectrum. On the basis of the absence of local
DrðrÞ maxima along the Fe––S bond vectors, it was not
clear at the time why the low spin Fe––S bonded interactions in pyrite are substantially shorter than the high spin
bonds. More recently, electron density distributions were
calculated for the Ni sulfides vaesite, NiS2, millerite, NiS
and heazlewoodite, Ni3S2 [198] and for the Fe and Cu
sulfides trolite, FeS, smythite, Fe3S4, cubanite, CuFe2S3,
chalcopyrite, CuFeS2, greigite, Fe3S4, pyrite, FeS2 and
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marcasite, FeS2 [199]. In these studies, the local properties
for the electron density distributions were generated using
the same first principles strategies employed above to calculate the properties of the electron density distributions
for a variety of oxides and silicates. For purposes of comparison, experimental physical properties were also determined for heazlewoodite in a multipole modeling of the
experimental electron density distribution generated with
high resolution single crystal X-ray diffraction data.
The three Ni sulfides are of interest because they cover
a remarkable range of electrical properties. Vaesite is an
insulator, millerite is a semiconductor and heazlewoodite
is a conductor. Electron density distributions were calculated for the three to establish whether a connection exists
between the local properties of the electron density and
the electrical properties. As the separations between the Ni
atoms in millerite and heazlewoodite are virtually the
same as those in bulk Ni metal, the Ni––Ni bond critical
point properties were expected to be similar in the sulfides
and the bulk metal. Further, as the coordination numbers
of the Ni atoms increase from 4 to 5 to 6 as the Ni––S
bond lengths increase from 2.27 
A to 2.31 
A to 2.40 
A in
heazlewoodite, millerite and vaesite, respectively, it is a
matter of interest to see how the jV(rc )j=G(rc ) ratio classifies the Ni––S and Ni––Ni interactions.
The Fe-sulfides troilite, pyrite, and marcasite were chosen for the second study because troilite contains high
spin state VIFe2þ whereas pyrite and marcasite both contain low spin VIFe2þ. Calculations for troilite, cubanite,
CuFe2S4, chalcopyrite, CuFeS2 and greigite, Fe3S4 were
also undertaken because the nominal oxidation states of
the Fe atoms are indicated to increase in the series from
2þ, 2.5þ, 3þ to 4þ, respectively, as the coordination
number of the Fe atoms decreases from 6 to 4 and the
Fe––S bond lengths decrease from 2.45 
A to 2.15 
A. The
calculations were also undertaken to see how the local
properties of the Fe––S bonded interactions are connected
to the spin state, the nominal oxidation states and the coordination numbers of the Fe atoms. It was also of interest
to see whether the accumulation of the electron density for
the low spin VIFe––S bonded interaction for pyrite is greater than that for high spin VIFe––S bonded interactions and
whether the shared character of the low spin VIFe––S
bonded interactions is greater than that for the high spin
interactions. As the Fe––Fe separation along the unit cell
vector c in troilite is less than 3.0 
A, the critical value
below which the t2g orbitals overlap extensively [200], it

will also be of interest to see whether the Fe atoms are
linked by bond paths in support of the conclusion that the
structure is stabilized by Fe––Fe bonded interactions [201].
The calculated r(rc ) and r2r(rc ) values for vaesite,
millerite and heazlewoodite, plotted with regard to the experimental Ni––S bond lengths in Fig. 29, increase linearly
with decreasing experimental bond length. Further, welldeveloped Ni––Ni bond paths were found to connect the
nearest neighbor Ni atoms in both millerite and heazlewoodite. No Ni––Ni bond paths were found in vaesite,
probably because the nearest neighbor Ni––Ni separations
(4.02 
A) are substantially longer than that observed for
bulk Ni metal (2.49 
A). In millerite, with a nearest neighbor Ni––Ni separation of 2.53 
A, each Ni atom is connected by bond paths to two adjacent Ni atoms, forming
discrete rings of three Ni atoms connected by bond paths.
In contrast, in heazlewoodite with nearest neighbor Ni––Ni
distances of 2.50 and 2.54 
A, each Ni atom is connected
by four bond paths forming a continuous network of
Ni––Ni bond paths that extend uninterrupted throughout
the structure. A similar array of Ni––Ni bond paths was
found for bulk Ni metal where each Ni atom is connected
to twelve nearest neighbor Ni atoms by Ni––Ni bond paths
that extends uninterrupted throughout the metal. Moreover,
the bond critical point properties calculated for Ni––Ni
bonded interactions for bulk Ni are not only strikingly similar to those calculated for millerite and heazlewoodite
but collectively they follow along projections of the trends
defined by the Ni––S bonded interactions (Fig. 29). As observed above, the bond critical point properties for metalmetal bonded interactions observed for organometallic
complexes are also virtually the same as those observed
for the bonded interactions comprising bulk metals [67].
The accumulation of the electron density along the Ni––Ni
bond paths together with that along the S––S bond paths
are indicated to stabilize the structures beyond that of the
stabilizing impact of the Ni––S bonded interactions and
the S––S bonded interaction in heazlewoodite. This would
be the case if, at equilibrium, the electron density accumulates along the Ni––Ni bond vectors, as observed for millerite and heazlewoodite, because it stabilizes the structures
more than if distributed differently. As such, the electron
distribution reached at equilibrium is the best compromise,
yielding the lowest energy for the system as a whole and
as such, the presence of bond paths is indicated to play a
role in stabilizing a structure. The high conductivity and
delocalization of the electrons in heazlewoodite is consist-

Fig. 29. The bond critical properties
r(rc ) (a) and r2r(rc ) (b) calculated for
the Ni––S and Ni––Ni bonded interactions for the Ni sulfides vaesite, millerite and heazlewoodite and for the
Ni––Ni bonded interactions for bulk Ni
metal plotted with respect to the experimental bond lengths, R(
A).


a


b
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ent with its well-developed and robust band structure
[202]. The metallic conductivity can also be connected
with the presence of the well-developed bond paths that
connect the Ni atoms in a highly branched circuit of interconnected bond paths. The end product is a crystal that
can be pictured as wired with a circuit of bond paths of
accumulated electron density that radiate throughout the
crystal, ideally suited for electron transport. Two Ni bearing dipyridylamide molecules with Ni––Ni separations of
2.45 
A have also been pictured as potential circuits for
electron transport [203].
In contrast, the stabilizing Ni––Ni bond paths in millerite are restricted to a periodic array of discrete three membered Ni3 rings that each comprises a closed circuit of
Ni––Ni bond paths of accumulated ED. However, the rings
are connected by coordinated S atoms that link the resulting Ni3S9 clusters into a structure of NiS composition.
Unlike the metallic conductivity of bulk Ni and heazlewoodite, the electron transport has been related to strong
Ni3d-S2p charge-transfer interactions [204]. It is asserted
that electron hopping occurs between nearest-neighbor Ni
and S atoms where the d-type electrons in the 3-membered Ni3 rings comprising the Ni3S9 clusters are hopping
in tandem to adjacent rings via the p-type orbitals localized on the coordinating S atoms. As such, the electron
transport of millerite is expected to be not as good as that
observed for heazlewoodite. However, as is well known,
the conductivity of a NiS crystal is also dependent on
such factors as impurity scattering, grain boundaries and
thermal scattering, factors that were ignored in the study.
The insulating properties of vaesite are consistent with its
absence of Ni––Ni bond paths. Clearly, the accumulation
of the electron density along the Ni––Ni bond paths in
heazlewoodite and millerite serves to stabilize the structures in excess of those that lack Ni––Ni bond paths.
The local energy density properties calculated for the
bond interactions for the Ni sulfides indicate that the
Ni––S and Ni––Ni interactions are intermediate in character between closed-shell and shared interactions. Unlike
the M––O bonded interactions, the jV(rc )j=G(rc ) ratio increases from 1.20 to 1.26 as the bond length decreases
from 2.40 
A to 2.27 
A and the coordination number of Ni
decreases from 6 to 5 to 4. According to the ratio, the
Ni––S interactions are indicated to be intermediate in character with a substantial component of closed shell character. On the basis of a ratio of 1.35, the Ni––Ni bonded
interactions in millerite and heazlewoodite are indicated to

have a slightly greater component of shared character than
the Ni––S interactions.
As observed above, a set of high-resolution single crystal X-ray diffraction data has been collected and a conventional aspherical-atom multipole refinement and modeling
of the experimental electron density distribution was undertaken for a synthetic heazlewoodite crystal. A mapping
of the gradient field of the electron density revealed that
each of the bond paths in the calculated distribution is
faithfully matched by a path in the experimental distribution. The experimental values of r(rc ) for the Ni––S, the
Ni––Ni and S––S bonded interactions are compared in
Fig. 30a where the agreement is comparable. However, the
agreement of the r2r(rc ) results is poorer overall
(Fig. 30b) with observed values for the Ni––Ni interactions
exceeding those calculated by about 0.5 e/
A5. Given that
2
r r(rc ) is the second derivative of (rc ), poorer agreement
is to be expected.
The experimental bond lengths for the high and low
spin Fe––S bonded interactions are plotted with respect to
the value of r(rc ), r2r(rc ), the bonded radius, rb (Fe) for
the Fe atoms and the bonded radius, rb (S) of the S atoms
in Figs. 32a through 32d, respectively. The r(rc ) values
fall along two separate trends, one involving the high spin
Fe––S bonded interactions and the other involving the low
spin Fe––S bonded interactions. The r(rc ) values for the
high spin interactions increase with decreasing bond
length and the coordination number of the Fe atom. r(rc )
also increases with the nominal oxidation state of the Fe
A3 for Fe2.5þ
atom from 0.35 for Fe2þ troilite to 0.48 e/
3
3þ
in cubanite to 0.53 e/
A for Fe
in chalcopyrite to
0.74 e/
A3 for Fe4þ in greigite. As there has been debate
about the oxidation state of Fe in greigite [205, 206], the
geometry of the H4FeO4 molecule was geometry-optimized with a relatively robust basis set [199]. As the resulting minimum energy Fe––S bond length and the values
of r(rc ) closely matched the experimental bond length and
the calculated rðrc Þ value for greigite, it was concluded
that the oxidation state of the Fe atom is likely to be 4þ
[199]. The r(rc ) values for the low spin VIFe2þ ––S bonded
interactions in pyrite and marcasite are substantially larger,
0.6, than that for the high spin VIFe2þ ––S bonded interactions in troilite, 0.35 e/
A3. As r2r(rc ) is typically
highly correlated with r(rc ), r2r(rc ) increases with the
Fe––S bond length in much the same way that R(Fe––S)
correlates with r(rc ) with two well-developed trends, one
for high spin Fe––O bonded interactions and the other for

Fig. 30. A comparison of the observed r(rc ) (a) and r2r(rc ) (b) values for Ni––S, S––S and Ni––Ni
bonded interactions in heazlewoodite
with those calculated.
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Fig. 31. The bond critical point properties calculated for high and low
spin Fe––S bonded interactions
plotted with respect to the observed
Fe––S bond lengths, R(Fe––S) for the
Fe-sulfides identified in (a). R(Fe––O)
is plotted with respect to r(rc ) in (a),
with respect to r2r(rc ) in (b), with
respect to the bonded radius of Fe,
rb (Fe), in (c) and with respect to the
bonded radius of S, rb (S), in (d). The
properties for the low spin trends appear to track along the line paralleling the high spin trends.


c


d

low spin bonded interactions (Fig. 31b). Like r(rc ),
r2r(rc ) is substantially larger for the low spin VIFe2þ ––S
bonded interactions than the high spin interactions. However, the r2r(rc ) values calculated for the molecules is
0.5 e/
A5 smaller than that calculated for greigite. The
bond radii for Fe and S atoms each scatter along parallel
trends, again one involving high spin Fe––S bonded interactions and the other involving the low spin interactions.
In addition, the low spin bonded radius of the Fe atom
and the radius of the S atom in the S2 dimer in pyrite and
marcasite are substantially smaller than the high spin Fe
atom and the S monomer in troilite. However, like r(rc )
and r2r(rc ), the bonded radii of high Fe and the S monomer each decreases with bond length, coordination number and the oxidation state of the Fe atom. It is of interest
that a FeKb synchrotron X-ray emission study has demonstrated a reversible high-low spin transition of the Fe atom
in troilite at 6.5 GPa [207]. Unlike the FeS6 octahedra in
pyrite, which only share corners, the octahedra in marcasite share edges and form chains of edge sharing octahe-

dra parallel to the cell edge vector c. The Fe––Fe distance
between the edge sharing octahedra is 3.38 
A with a
shared edge S––Fe––S angle of 82.6 . As no bond paths
were found between the Fe atoms and as the edge sharing
angle is less than 90 , the Fe occupied t2g orbital directed
between the Fe atoms in the chain is indicated to be antibonded such that the Fe atoms mutually repel one another
[196]. Also, no Fe––Fe bond paths were found for troilite
where adjacent FeS6 octahedra share faces [208]. This
may not be surprising given that the Fe––Fe separation in
trolite, 2.99 
A is substantially longer than that in bulk Fe
metal (2.50 
A).
Figure 32a shows that the jV(rc )j=H(rc ) ratio orders the
Fe––S bonded interactions in the same way as it orders the
Ni––S bonded interactions, with interactions involving
shorter bond lengths, smaller coordination numbers and
metal atoms with larger oxidation states indicated to display more shared covalent character. Further, like the
Ni––S bonded interactions, the Fe––S interactions are classified according to the ratio as bonds of intermediate char-

Fig. 32. (a) The indicator jV(rc )j=G(rc )
plotted against the bond degree parameter H(rc )/r(rc ) and (b) the local kinetic energy density, G(rc ), the local
potential energy density, V(rc ), and the
local electronic energy density, H(rc )
plotted with respect to the the Fe––S
bond lengths observed for the Fe sulfides. See Fig. 31a for the definition of
the symbols.
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acter. Also, the low spin state VIFe2þ ––S bonded interactions in pyrite and marcasite are indicated to be more
covalent than high spin state VIFe2þ ––S bonds as suggested by Cotton [209]. The local energy density properties for the Fe––S bonded interactions are displayed in
Fig. 32b. Like the M––O bonded interactions, G(rc ) increases and V(rc ) and H(rc ) both decrease with decreasing
experimental Fe––S bond length. As observed in Fig. 32,
the high spin and the low Fe––S data also scatter along
parallel trends with larger G(rc ) and jV(rc )j local energy
density values.

Concluding remarks
A number of the fundamentals of crystal chemistry, as we
know them today, were established early last century with
the structure determination of a relatively large number of
materials (many of them minerals), the derivation of sets
of atomic, ionic and crystal radii together with the proposal of a set of postulates by Pauling [22] for establishing
the factors that govern the relative stability of alternative
structures. Of the postulates, the second revolutionized the
way that mineralogists view the crystal chemistry of
minerals in terms of their bonded interactions with the
assertion that the sum of the bond strengths for the
bonded interactions reaching a given anion in a structure
tends to satisfy the bonding requirements of the anion.
Sets of empirical radii derived by Bragg [17], Goldschmidt [15], Pauling [19], Slater [21] and others and
much later by Shannon and Prewitt [29] and Shannon [30]
served to facilitate the determination and verification of a
large number of crystal structures, not only reproducing
and testing their bond lengths, but also adding to our understanding of the relative stability of alternative structures
with the construction of structure field maps. They also
found wide use in the modeling of a variety of phenomena
ranging from ion conductivity to trace element distributions. Relativistic self-consistent field radii of the outermost valence shell electron density radial maxima for the
atoms are highly correlated with the radii, providing a theoretical underpinning for ionic and atomic radii [20]. Important advances were also made in the demonstration that
bond valence and bond order are connected with bond
length with a power law expression similar to that used to
model the bond length –– bond number trends displayed
by hydrocarbon molecules and intermetallic compounds.
Later, the strategy connecting bond length to bond valence
was refined and it was found that the bond lengths in oxides, fluorides, sulfides and nitrides can be reproduced
within a few percent, without resorting to tables of radii.
With the development of first-principles strategies
based on density functional theory (cf. [3]) and the implementation of the theory with software like VASP [100–
102], CRYSTAL98 [149] and TOPOND [156], important
advances were made in the modeling of crystal structures
and the physical properties of minerals, not only under
crustal pressures but at mantle pressures as well (cf. [95,
115, 128, 155, 210, 211]). For example, the structures for
the silica polymorphs were generated not only for ambient
conditions but for pressures encountered in the Earth’s
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crust, structures that closely matched experimental structures determined in high pressure experiments. In addition,
the structures for rock forming minerals like tremolite,
diopside and talc, generated for ambient conditions were
likewise found to agree with the experimental structures
within a few percent.
The local maxima displayed by the electron localization function, h(r), and experimental and theoretical L(r)
and Dr(r) maps generated for the common rock forming
minerals were found to display such covalent features as
bond and lone electron pair domains that agree in the
number, size and location with those predicted by the
VSEPR model for closed-shell molecules. Further, the
lone pair features were found to represent regions of potential chemical activity, information that served to advance the understanding of the role played by hydroxyl
defects in minerals and the incorporation of elements like
Al3þ in stishovite and perovskite. Indeed, experimental
mappings of the L(r) not only predict that the O atoms
involved in the narrowest Si––O––Si angles are the most
reactive chemically, but also are those found in a FTIR
study to be bonded to H in a specimen with Si defects. A
recent study of h(r) maps for the aluminosilicates also
served as a key for interpreting the FTIR spectra [212].
During the latter part of the 20th century, Bader and his
colleagues forged a powerful and widely used natural theory for abstracting important information defining the physical properties of the bonded interactions from the electron density distributions for molecules and crystals (see
Gatti [69] for an excellent review). In a survey of the theoretical and experimental model electron density distributions generated for a number of silicates, it was found that
the properties not only provide a basis for understanding
Pauling’s second postulate in terms of the electron density
distribution, but they also reproduced the well-known empirical bond length – bond valence trend established for
the Si––O bond with the bond valences for the IVSi––O
and VISi––O bonded interactions of 1.0 and 0.67, respectively, matching the experimental and calculated values of
the electron density at the bond critical points almost exactly. Rather than remaining fixed, the bonded radii of an
O atom yielded by theoretical and experimental electron
density distributions range in value between the atomic
radius of the atom, 0.65 
A, when bonded to electronegative N and the ionic radius (1.50 
A) when bonded to
electropositive Na [54]. Rather than remaining fixed, the
radius of an individual O atom is highly polarized, particularly when bonded to several different M atoms and displays a different value along each of the bond vectors,
A to 1.25 
A.
rb O, ranging in one case from 0.95 
The shared character of the B––O, C––O, Al––O, Si––O,
P––O and S––O bonded interactions examined in the study
is indicated to increase as the G(rc )/r(rc ) ratio, r(rc ) and
r2r(rc ) each increases in value and R(M––O), the coordination number of the M atom and Dc decrease. With the
exception of a single S––O and several C––O bonded interactions, the interactions classify as intermediate interactions with positive r2r(rc ) and negative H(rc ) values. In
contrast, the H(rc ) values for the Li––O, Be––O, Na––O
and Mg––O bonded interactions are positive and accordingly they classify as closed shell ionic interactions with
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H(rc ) increasing in value as r(rc ) increases and as
R(M––O) decreases. The elusive Si––O bond, the most
abundant bonded interaction in the earth’s crust, has been
studied by a number of workers and was concluded to be
closed shell ionic by several and shared covalent and intermediate in character by others. However, on the basis of
the Laplacian, r2r(r), and the distance that rc is from the
nodal surface of r2r(r) together with the values of H(rc )
and jV(rc )j=G(rc ), the Si––O bond classifies as a bond of
intermediate character in agreement with Pauling’s classic
electronegativity classification. It is pertinent that the physical properties of the electron density distributions and
the local energy density properties classify the M––O
bonded interactions pretty much in line with Pauling’s famous classification of bonded interactions based on electronegativity difference considerations. But unlike the
Pauling classification, the physical properties of the electron density provide a means of determining how the character of an individual bonded interaction changes with
such factors as bond strength, coordination number, bond
length and the local kinetic, potential and the electronic
local energy density distribution.
Finally, the topological properties generated for experimental model electron density distributions with high resolution and high energy synchrotron single crystal X-ray
diffraction data are in comparative agreement with those
calculated for a variety of M––O and M––S bonded interactions. The agreement indicates that first principles calculations coupled with the theoretical and experimental modeling of electron density distributions are destined to
provide an important quantum mechanical basis for understanding the local density properties of the bonded interactions, the crystal chemistry and the properties and local
chemical reactivity of minerals at the atomic level in the
years to come. Also, the calculations will not only assist
in the development and interpretation of experimental results, but they will also provide a deeper understanding of
the uses and crystal chemistry of minerals and mineralogical processes, enriching the field of mineralogy.
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