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Comparison of the Electron Localization Function and Deformation Electron Density Maps
for Selected Earth Materials

Introduction

In a mapping of the electron localization functiop{r), and
the LaplacianL(r) = —V?p(r), of the electron density distribu-
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The electron localization function (ELF) and experimental and theoretical deformation electron density maps
are compared for several earth materials and one representative molecule. The number and arrangement of
the localized one-electron probability density domains generated in a mapping of the ELF correspond to the
number and arrangement of the localized electron density domains generated in a mapping of the deformation
electron density distribution, a correspondence that suggests that the two fields are homeomorphically related.
As a homeomaorphic relationship has been established previously between the Laplacian of the electron density
distribution and the ELF, the relationship suggests that the deformation electron density distribution is also
homeomorphically related to the Laplacian of the distribution.

displayed byy(r) and deformation electron densit&p, maps.
The correspondence will be established in a comparative study
of the n(r) and Ap(r) distributions generated in this study.

tion for a variety of geometry optimized hydride and fluoride

molecules, Bader et alfound that level line contour and  Geometry Optimization and the Electron Localization
isosurface maps generated for the molecules show a cor-Function

respondence in the number and arrangement of the locally

concentrated and localized domains of electron density, evidence The structures of the hexahydroxydisiloxane molecule and
that thelL(r) and(r) distributions are homeomorphically related. the earth materials considered in this study were geometry
However, L(r) was suggested to be superior #¢r) in the optimized with VASP, a periodic plane wave density functional
prediction of the positions and the magnitudes of the domains. code written by Kresse and Hafriérand Kresse and Furth-

It is noted thatl(r) is an empirical function that is grounded miiler.® The code uses ultrasoft pseudopoterttaisad the local

on the basis of its close connection with the well-known valence- density approximation (LDA) to model the contribution of the

shell electron-pair repulsion (VSEPR) model of molecular exchange correlation to the total energy and the valence electron

geometry?

density distribution. The kinetic energy cutoff and the density

In a recent generation of(r) maps for a relatively large  of the Monkhorst Pack! k-point mesh were chosen to be of
number of earth materiaFSNe"-deﬁned isosurface domains of sufficient magnitude to ensure convergence of the energy and
probability density were displayed along the bond vectors and the generation of a minimum energy structure. The geometry
in the lone-pair regions similar to that assumed in the VSEPR optimization was completed with quasi-zero pressure minimum

electron-pair domain model. As contour and isosurfAgér)
maps observed for several of the earth matetiélslisplay
features that are similar to those displayed by the electron
localization functiony(r), isosurface maps were generated in
this study for several earth materials and a representative silicate
molecule. A comparison of the maps is made to gauge the extent
to which the two types of maps agree and to establish whether
a connection exists between the topography of the domains of
localized electron density ascribed to electron pairs. We will
present evidence that suggests that a correspondence exis
between the location and the arrangement of the domains

energy cell dimensions, determined for the structure within LDA
formalisms. The coordinates of the nonequivalent atoms were
each varied within the constraints of the observed space group
type for each earth material until the forces on each atom were
negligibly small and close to zero (less than 0.03 eV)ABy

and large, the experimental bond lengths and angles were found
to be in close agreement with the optimized values, agreeing
typically within ~1%, on average;(r) for the bonded interac-
tt,gons was generated for each geometry optimized structure using
the VASP software. Isosurface maps were generated with a
modified version of the desktop 3D visualization software of

. 2 e . .
T Departments of Geosciences, Materials Science and Engineering, andTemberry et af? The modified version allows the construction

Mathematics, Virginia Tech. o o of dual#(r) isosurfaces with arbitrarily choseyfr) values and
* Department of Chemical Engineering, Virginia Tech. associated colors. For this study, dyél) values of 0.83 (gray
§ Department of Geosciences, Virginia Tech. | ded i n do ink col ded i £
I Department of Chemistry, Virginia Tech. color coded isosur ace) and 0.85 (pink co or coded isosur ace)
U University of Arizona. were used in the generation of the dual isosurfaces for the
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Figure 1. Theoretical deformatiohp(r) level line contour maps (a and b) and electron localization funaj{opdual isosurface maps (c and d)

for the (HO)SIOSi(OH} molecule. The maps displayed in parts a and ¢ were constructed for a plane containing the SiOSi angle, and those
displayed in parts b and d were constructed for a perpendicular plane that bisects the angle. The contour interval displayed in parts a and b is 0.05
e A3 the dashed lines represent negative contours, the solid lines represent positive contours, and-thettdddine represents the zero level

line contour. The gray)(r) isosurface displayed in parts ¢ and d represents aalue of 0.83, whereas the pink one representg(@nvalue of

0.85. The color contour code is defined in the bar. The red spheres in parts ¢ and d represent oxygen atoms, and the blue ones in part ¢ represent
silicon atoms.

figures. Colom(r) contour maps were also constructed; the color geometry optimized structure of the molecule display a similar
code is defined in a bar displayed in each figure displaying color number and arrangement of the local maxima in the bonded
contours. and nonbonded regioR®.The Ap map for the plane defined
For the vast majority of bonded systems of chemical interest, by the SiOSi angle displays level lines that extend into the
Burdett and McCormick have demonstrated that the dominant interior of the angle and envelop three maxima, two in the
term in n(r) is p(r)s>¥3i |Vy(r)isl? which appears in the  bonded regions, one each along the two SiO bond vectors, and
denominator of they(r) definition* wherep(r), = |(r)iq|? is the third in the nonbonded region on the reflex side of the angle
the one-electron orbital probability density apd Vi (r)i |2 is near the O atom (Figure 1a). A second map, generated for the
the kinetic energy density at Qualitatively, the value of the  perpendicular plane that bisects the angle, displays a torus
function is expected to be relatively large in those regions where shaped array of level lines that surrounds the O atom and
the one-electron probability density distribution is relatively displays a banana shaped closed contour on the reflex side of
large (regions of overlapping atomic orbitals and well localized the angle (Figure 1b). The(r) dual isosurface map generated
electrons) and where populated nodal planes are absent or fewor the SiOSi angle displays hemispherical isosurfaces along
in number. On the other hand, the function is expected to be each of the SiO bond vectors and a banana shaped isosurface
relatively small in those regions between atoms where populatedin the nonbonded region disposed perpendicular to the angle
nodal planes are commonly large in number (where the gradient(rigure 1c). It also displays hemispherical isosurfaces along each
of y(r) is relatively large) or the electron probability density is  of the nonbridging Si(OH) bond vectors and banana shaped
small or both. Becke and Edgecombeound it convenientin  jsosurfaces oriented perpendicular to the SiOH angles (see
their derivation to restrict the range of the unitlegs) to lie Figure 4 in ref 15). Each of the banana shaped isosurfaces is
between 0 and 1 with a value of 1 corresponding to perfect jrreducible and as such encloses a single maximum.s;{He
localization and a value of 0.5 corresponding to a complete color contour and dual isosurface maps generated for the SiOSi
delocalization of the one-electron probablllty density. For earth interaction and for the bisecting plane are d|5p|ayed in parts c
materials, values less than 0.5 are typically adopted in regionsand d of Figure 1, respectively. Consistent with topography of
between domains of localized probability density with the the |evel line contour map for the SiOSi bonded interaction
function approaching 0.0 in the vicinity of metal atoms where (rigyre 1a), the O atom is surrounded by a triangular array of
there is a paucity of localized valence one-electron probability ¢o|or contours which increase from light green to orange as the
density. Further, like thé\p(r) electron density distribution for 1y yajue increases from about 0.5 to 0.87 (Figure 1c). Also,
each earth material, the(r) one-electron probability density  the color contours in Figure 1d surround the O atom in a torus
distribution likewise obeys the observed space group symmetry a5 displayed in thé\p(r) map in Figure 1b. The\p maxima
type of the material. The spin states of the electrons were ignoreda|ong the SiO vectors are located closer to the O ateM@5
in the VASP calculations and in the generationgf) maps. A) than they(r) maxima (0.70 A). Likewise, the\p maxima
in the nonbonded region are closer to the~®(20 A) than the
n(r) maxima (0.50 A). Although the maximum in the lone-
pair region (Figure 1b) is located much closer to the O atom
Hexahydroxydisiloxane, (HO}SiOSi(OH)s, Molecule.(r) than the maximum of the banana shaped isosurface, the features
isosurface and\p level line contour maps generated for a displayed by the two sets of maps are similar in number and
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Figure 2. Static modelAp(r) level line contour maps (left column 1) andr) isosurface maps (right column 2) for the Si101Sil, Si202Si2,

Si203Si1, Si204Si1, and Si205Si1 bonded interactions in coesite, running top to bottom. The contour interval is G0the golid lines

represent positive contours, the dotted lines represent negative ones, and the dashed lines represent zero contour. The Si101Sil, Si2@2Si2, Si203S

Si204Si1, and Si205Sil angles are 180, 142.0, 144.2, 149.7, and’ 18&@ectively. The information defining the isosurfaces is given in the

legend for Figure 1. The red spheres represent oxygen atoms, and the blue ones represent silicon atoms.
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arrangement. The heights of the bonded and nonbonded maxima
displayed in they(r) isosurface maps are similar, unlike the
height of the maximum displayed in the nonbonded region of
the Ap(r) map, a maximum that is substantially higher than that
displayed in the bonded region along each SiO bond vector. In
general, this is not surprising given that the deformation density
is defined as the difference between the total electron density
and the density calculated with a reference model based on
unbiased positional and thermal paraméferand usually (a)
represents the difference between either an experimental or
theoretical distribution and a procrystal distribution, whereas
the ELF is based on the ratio of the probability and the kinetic
energy density. Despite this difference, it is interesting that the
distributions are qualitatively similar.

Coesite, SiQ. The structure of this high pressure silica
polymorph consists of a framework structure of corner sharing
silicate SiQ tetrahedra linked together by eight nonequivalent
SiO bonded interactions that comprise five nonequivalent SiOSi
angles that range in value between 137 and® 18@eneralized
scattering factor modeling of the electron density distribution,
using theoretical structure factor data generated with CRYS-
TAL98,8 was completed, and modelp and L(r) isosurface
maps were generatéd? The theoretical maps are in close
correspondence with the experimental ones and display maxima
along each of the SiO bond vectors and maxima on the reflex
side of the bent angles as found for the (HE®DSI(OH} (b)
molecule. In contrast, the O1 atom involved in the straight angle
is encircled in the experimental and theoretical maps by a ring
torus with maxima located along each SiO bond vectors. The
features of the level line contour map for the straight angle
(Figure 2) are consistent with a ring torus distribution.

Dual 5(r) isosurface maps for the five nonequivalent SiOSi
angles of coesite are compared with the theoretical m&g@l)
maps in Figure 2 for the five nonequivalent bridging O atoms,
01-05. The maps for the bent angles, involving-625, are
strikingly similar to local maxima displayed along each SiO 0.0 «— ELF— 0.88

bond vector and in the lc.)ne'palr ref!ex reglon of the b?nt angles. Figure 3. Static modelAp(r) level line contour map (a) and combined

In the case of the straight angle involving O1, an isosurface ,y) isosurface and color contour maps (b) for the (110) in stishovite.
deformation map displays a ring torus isosurface encircling the Each Si atom in the plane is bonded in the plane to four O atoms, and
O atom, whereas banana shaped isosurfaces are displayed aach O is bonded to three Si atoms. The contours are at 0:95hk

the apices of the bent angles similar to that displayed by the dashed lines represent zero contour, the dotte(_j 'Iines represent neg_ative
5(r) isosurface maps (see Figures 4 and 5 of ref 19)) contours, and the solid lines represent positive ones. Information

. . .. describing the)(r) isosurfaces is given in the legend of Figure 1. The
isosurface maps for the angles were found to display similar color code for the ELF is defined in the bar. The red spheres represent

featurest? Further, thes(r) isosurface map generated for the  gyygen atoms, and the blue ones represent silicon atoms.
bent SiOSi angle of the (HEBIOSi(OH} molecule is strikingly
similar to those generated for the bent angles in coesite. As thegg The map displays maxima along each SiO bond vector at a
SiOSi angle in coesite decreases, ti{e) maximum for the distance 0f~0.70 A from the O atom (Figure 3a, ref 6). An
bridging O atoms is observed to increase in height, indicating 5(r) color contour map of the plane is displayed in Figure 3b.
that the nucleophilic character of the atom increases with aos opserved in the level line contour map, each O atom is
decreasing angle. It is noteworthy that the H atoms in a syrounded by a triangular array of color contours which increase
H-bearing. coesite grystal have been determined t_o dock on thefrom light green to orange. The shapes of the isosurfaces
O atoms involved in the bent angles and to avoid O1, the O conform with the contours displayed in the figure with one of
atom involved in the straight angfé. the maxima directed along a SiO bond vector and the other
Stishovite, SiQ. The structure of this very high pressure two each displaced to the outside of the SiOSi anglel A
silica polymorph can also be described as a framework, but displayed along each of the three SiO bond vectors. Ape
unlike coesite where each nonequivalent O atom is shared bymaxima each lie along the SiO vectors-a.45 A, on average,
two silicate tetrahedra, the structure consists of corner sharingfrom the O atoms. One of thgr) maxima lies along the vector,
silicate SiQ octahedra where each O atom is shared by three while the other two are displaced off the vecter8.1 A on the
equivalent Si atoms disposed at the corner of a triangle. The exterior side of the SiOSi angle. Nonetheless, the features
electron density distribution of stishovite has been modeled usingdisplayed by the;(r) distribution correspond closely to those
conventional experimental single crygte® and synchrotron displayed by the\p distribution. The pink isosurface displayed
high energy single crystal X-ray diffraction d&# static Ap above the O atom at the center of the triangle has been ascribed
map paralleling (110) and passing through the O atom and ato a lone-pair domain, a feature displayed in experimenpgt)
triangle of three coordinating Si atoms is displayed in Figure maps recorded by Spackman etahnd Kirfel et al® This
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Figure 4. Static modelAp(r) level line contour maps for a plane containing the O2SiO1 atoms of the silicate tetrahedron (a) and the O1Mg102
atoms of the Mgl@octahedron (c) in forsterite and combing() and color contour maps for the same planes (b and d, respectively). See the
information describing the(r) isosurfaces and color contours given in the legend of Figure 1. The red spheres represent oxygen atoms, the blue
ones represent silicon atoms, and the magenta ones represent magnesium atoms.

domain is displayed above (below) each O atom at the bottom and SiO2 bond vectors and toroidal isosurfaces are displayed
(top) of Figure 3b where the triangle is viewed end on. As in the vicinity of two O atoms. The latter enclose maxima
asserted by Gibbs et & this lone-pair domain plays a role in  displayed along the MgO bond vectors that radiate from O1
governing the position adopted by the H atom in H,Al-bearing and O2, and the isosurface coming out of the plane encloses a
stishovite. maximum along the SiO3 bond vector not displayed in the
Forsterite, Mg,SiO,. The structure of this orthosilicate can  contour map. Figure 4c is a level lingp contour map of the
be described as a distorted close packed array of O atoms inedge shared in common between two Mgldatahedra. The
which one-half of the available octahedral voids are occupied O1 atom is coordinated by three well-defined maxima, two of
by Mg atoms and one-eighth of the available tetrahedral voids which are displayed along Mg10O1 bond vectors and the third
are occupied by Si such that each O is bonded to three Mgalong a SiO1 vector. Two well-defined maxima together with
atoms and a Si atom. The crystal structure was recently a less defined one coordinate O2. The well-defined ones are
determined using essentially extinction and adsorption free high displayed along Mg102 displayed along the Mg1O2 vectors
energy synchrotron single crystal X-ray diffraction data. and MgO2 bond vectors. The less defined maximum lies along
generalized scattering factor modeling of the electron density a Mg202 vector that is directed out of the plane of the shared
resulted in a set of bond critical point properties that agree with edge. The isosurfaces displayed in th&) color contour
those generated with first principles quantum chemical calcula- isosurface map (Figure 4d) of the shared edge show a close
tions within ~5%. This agreement not only showed that the correspondence to those displayed in the contour map in both
modeling is adequate but also showed that the model experi-number and arrangement. However, the heights ofAp&)
mental and theoretical electron density is relatively accurate. maxima along the SiO bond vectors of the silicate group are
Static model experimental deformation contour maps of the substantially higher than those in the nonbonded region. On the
distribution for the O1SiO2 plane of the silicate gi®trahedral other hand, the reverse is true in th) isosurface maps where
oxyanion and the 0102 edge shared in common between twothe isosurfaces along the SiO bond vector are smaller than those
Mg10Os octahedral oxyanions are displayed in Figure 4a and displayed in the nonbonded regions.
c.® Well developed maxima are displayed in the contour maps Magnesite, MgCQs. The O atoms in this carbonate can be
along the SiO bond vectors together with satellite maxima in viewed as roughly hexagonally close packed with the Mg atoms
the vicinity of the O1 and O2 atoms. Figure 4b displays an filling one-third of the available octahedral voids with C
n(r) color contour map for the O1SiO2 plane with a superim- coordinated by three O atoms in the individual monolayers of
posedy(r) dual isosurface. As observed in the experimental map, the structure such that each O atom is bonded to two Mg atoms
then(r) hemispherical isosurfaces are displayed along the SiO1 and a C atom. Using theoretical structure factors generated with
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substantially smaller than those displayed in the nonbonded
regions (Figure 5b). In contrast, the heights of Apgr) maxima
displayed in the bonded and nonbonded regions of the carbonate
group are virtually identical (Figure 5a).

Concluding Remarks

The arrangement and number of the domains displayed by
7(r) andAp(r) maps generated in this study are strikingly similar
as observed by Bader etdior the(r) andL(r) maps observed
for a number of molecules. This not only suggests that;(ing
andAp(r) fields are homeomorphically related in terms of the
number and arrangement of the domains of lone-pair electrons
but also suggests that they are also related toL{ng field.

This seems to be the case for the several cases examined in
this study where the number of domains and their arrangement
displayed inAp(r), L(r), and#(r) maps are similal® However,

Ap(r) is believed to be superior t(r) in the prediction of the
location of the localized domains of electron density given its
experimental basis.
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