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Abstract Thermophysical properties of the various

polymorphs (i.e. a-, b- and c) of Mg2SiO4 were computed

with the CRYSTAL06 code within the framework of CO-

LCAO-GTF approach by using the hybrid B3LYP density

functional method. Potential wells were calculated through

a symmetry preserving, variable cell-shape structure

relaxation procedure. Vibrational frequencies were com-

puted at the long-wavelength limit corresponding to the

center of the Brillouin zone (k ? 0). Thermodynamic

properties were estimated through a semiclassical approach

that combines B3LYP vibrational frequencies for optic

modes and the Kieffer’s model for the dispersion relation

of acoustic modes. All computed values except volume (i.e.

electronic energy, zero point energy, optical vibrational

modes, thermal corrections to internal energy, standard

state enthalpy and Gibbs free energy of reaction, bulk

modulus and its P and T derivatives, entropy, CV, CP)

are consistent with available experimental data and/or

reasonable estimates. Volumes are slightly overestimated

relative to those determined directly by X-ray diffraction.

A set of optimized volumetric properties that are consistent

with the other semiclassical properties of the phases a, b
and c have been derived by optimization procedure such

that the calculated boundaries for the a/b and b/c equilibria

have the best overall agreement with the experimental data

for these transitions.

Keywords Polymorphic transitions �
Thermodynamic properties � Forsterite � Wadsleyite �
Ringwoodite

Introduction

The thermodynamic properties of mantle minerals play a

central role in the understanding of phase relations in the

terrestrial and planetary mantles, their seismic properties,

and their thermal and density structures that influence the

mantle dynamics (e.g. Saxena et al. 1993; Fabrichnaya

1999; Ganguly and Frost 2006; Ganguly et al. 2007).

Over the last two decades or so, major advancements

have been made in the understanding of the mineralogy of

the terrestrial and Martian upper and lower mantle

through experimental studies at very high pressure and

temperature conditions in the multi-anvil apparatus and

diamond cells. However, there are conditions in the

Earth’s mantle at which laboratory experiments are

extremely difficult either because of the extreme P–T

condition or very slow reaction kinetics at the thermal

state of interest. An example of the latter problem is the

recent study of Ganguly and Frost (2006) on the stability
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of anhydrous B-phase (Anh-B) in the Earth’s mantle and

subducting oceanic slabs. On the basis of approximate

thermodynamic properties of the phase retrieved from

their high temperature experimental data, and estimated

on the basis of empirical schemes, these authors predicted

that in the interior of a cold subducting oceanic slab such

as Tonga, the transition from the phase wadsleyite (wads:

b-Mg2SiO4) to ringwoodite (ring: c-Mg2SiO4) should

proceed via an intermediate phase assemblage Anh-

B ? stishovite (St) (wads ? Anh-B ? St ? ring), lead-

ing to eye-shaped splitting of the seismic wave velocities.

However, the temperature condition for experimental

verification of this prediction is deemed too low for the

achievement of detectable extent of reaction within rea-

sonable laboratory time scales in a multi-anvil apparatus.

This and other problems relating to mantle phase equi-

libria call for computational thermodynamic approach for

which one needs reliable thermodynamic data base.

While self-consistent thermodynamic data base such as

those of Berman (1988), Johnson et al. (1992), Holland and

Powell (1990) have been widely used in the computation of

metamorphic phase equilibria, these are not suitable for

problems related to the deep mantle of the Earth. Saxena

et al. (1993) and Fabrichnaya et al. (2004) have developed

internally consistent data bases for the mantle minerals at

low to high P–T conditions from the available phase

equilibrium and calorimetric data, but these do not have the

properties of many of the mantle minerals for the lack of

adequate experimental data from which to retrieve the

thermodynamic properties. To circumvent this type of

problem, a number of workers have made major efforts to

determine the thermodynamic properties from quantum

mechanical calculations (e.g. Cohen 1991; Karki and Crain

1998; Panero et al. 2006; Yu and Wentzcovitch 2006; Li

et al. 2007; Wu and Wentzcovitch 2007). In this paper, we

report part of our attempt in the realm of ab initio quantum

mechanical calculations of the thermo-chemical and

thermo-physical properties of mantle minerals. This con-

tribution is mainly devoted to an appraisal of the accuracy

that could be achieved by a computationl approach to

determine the univariant equilibrium boundaries for

the mineralogical reactions in the Earth’s mantle (other

forthcoming contributions concern the thermophysical

properties of stishovite and AnhB). Thermodynamic data

for all these phases are needed to determine the P–T sta-

bility field of the Anh-B ? St through first principles.

Moreover, the different polymorphs of Mg2SiO4 constitute

the most abundant minerals in the Earth’s upper mantle and

Martian mantle (Fei and Bertka 1999). Although there are

several studies on the thermodynamic properties of these

minerals utilizing phase equilibrium and calorimetric data,

there are also significant disagreements. Our computed

results would be helpful in sorting out these problems.

Computational details

Computations have been carried out with a developmental

version of the CRYSTAL06 program (Dovesi et al. 2006).

All-electron calculations were performed within the linear

combination of atomic orbitals (LCAO) approach with the

hybrid B3LYP functional (Becke 1993; Stephens et al.

1994), which contains a hybrid HF and density functional

exchange-correlation functional, composed of the Becke

three-parameter exchange functional and the LYP (Lee

et al. 1988) correlation functional. The all-electron

Gaussian-type basis set adopted is a 8-511G(d) for mag-

nesium (Pascale et al. 2005), a 88-31G(d) set for silicon

and a 8-411G(d) set for oxygen (Nada et al. 1996) (see

Appendix A for more details).

Cut-off limits in the evaluation of Coulomb and

exchange series appearing in the SCF equation for periodic

systems were set to 10-6 for coulomb overlap tolerance,

10-6 for coulomb penetration tolerance, 10-6 for exchange

overlap tolerance, 10-6 for exchange pseudo-overlap in the

direct space, and 10-12 for exchange pseudo overlap in the

reciprocal space (see Saunders et al. 2003). The density

functional theory (DFT) exchange-correlation contribution

is evaluated by numerical integration over the cell volume

(Pascale et al. 2004a, b). In the present work, we used a

(75,434)p grid that contains 75 radial points and a variable

number of angular points, with a maximum of 434 on the

Lebedev surface in the most accurate integration region

(see Appendix A for further details). The condition for the

SCF convergence was set to 10-7 a.u. on the total energy

difference between two subsequent cycles. The reciprocal

space is sampled according to a regular sublattice with a

shrinking factor IS equal to four corresponding to 27, 18

and 8 k-points in the sampling of the irreducible Brillouin

zone (Dovesi et al. 2006) for a-, b- and c-Mg2SiO4 poly-

morphs, respectively. The gradients with respect to atomic

coordinates and lattice parameters are evaluated analyti-

cally (Doll 2001; Doll et al. 2001, 2004). The equilibrium

structure is determined (Civalleri et al. 2001) by using a

quasi-Newton algorithm with a BFGS Hessian updating

scheme and following geometry optimization strategy as

proposed by Schlegel (1982). Convergence in the geometry

optimization process is tested on the root-mean-square

(RMS) and the absolute value of the largest component of

both the gradients and nuclear displacements. For all

atoms, the thresholds for the maximum and the RMS forces

have been set to 0.00045 and 0.00030 a.u., and those for the

maximum and the RMS atomic displacements to 0.00180

and 0.00120 a.u., respectively.

The potential wells of the phases were calculated by a

symmetry preserving, variable cell-shape structure relaxa-

tion procedure and fitted to a third order finite-strain

equation.
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Regarding the calculation of frequencies, we refer to a

previous paper (Pascale et al. 2004a, b) for the methodo-

logical details. Here, we simply recall that within the

harmonic approximation, frequencies at the C point

(k = 0) are obtained by diagonalizing the mass-weighted

Hessian matrix W, whose (i,j) element is defined as

Wij = Hij/(MiMj)
1/2, where Hij is the Hessian matrix of the

second derivatives of the energy with respect to the atomic

positions and Mi and Mj are the masses of the atoms

associated with the i and j coordinates, respectively. In the

program CRYSTAL, energy first derivatives are calculated

analytically, while second derivatives are evaluated

numerically using a two-point or three-point formula. For

the vibrational frequencies calculation, the tolerance on the

energy convergence of the SCF cycles was set to 10-10 a.u.

At the long-wavelength limit corresponding to the center

of the Brillouin zone (k ? 0), the first three solutions of

the dispersion relation vanish. The dispersion relation is

given by

x ¼ xi kð Þ 1� i� 3n ð1Þ

where x is the angular frequency and n is the number of

atoms in the unit cell (Born and Huang 1954). For the

thermal analysis the first three (acoustic) vibrational modes

are here treated according to a semiempirical model based

on sound wave dispersion (Kieffer 1979a, b), and coupled

with the ab initio calculated vibrational frequencies of the

remaining 3n-3 modes. Therefore, our procedure is not

fully ab initio and will be denoted hereafter as semiclas-

sical. Further details are presented in the following

sections.

Static calculations

Forsterite (a-Mg2SiO4)

Forsterite, the a polymorph of the Mg-orthosilicate, crys-

tallizes in the orthorombic bipyramidal class (space group

Pbnm; non-conventional setting of Pnma n. 62). There are

six irreducible atoms in the conventional cell and 28 atoms

in the unit-cell (four formula units per unit cell). Since it is

the most abundant mineral in the Earth’s upper mantle,

forsterite has been subjected to numerous investigations by

mineralogists and crystallographers (e.g. Bragg and

Brown1926; Cernik et al. 1990; Belov et al. 1951; Baur

1972; Smyth and Hazen 1973; Hazen 1976; Fujino et al.

1981; Lager et al. 1981; Kudoh and Takeuchi 1985; van

der Wal et al. 1987; Della Giusta et al. 1990). The first

structural refinement of forsterite was carried out by Bragg

and Brown (1926). First-principles investigations of for-

sterite dealt mainly with the elastic and structural

properties at high pressure (Jochym et al. 2004; Brodholt

et al. 1996; Da Silva et al. 1997), and it is only recently that

the vibrational behavior of the mineral has been investi-

gated by first-principles (Noel et al. 2006; Li et al. 2007).

The variational structure at the athermal limit in the

absence of external pressure was obtained by full geometry

optimization of both lattice parameters and atomic posi-

tions. The resulting volume at the athermal limit, V�, is

4.4682 J/bar (a0 = 4.794 Å; b0 = 10.294 Å; c0 = 6.013

Å; V0 = 296.7 Å3) with a B3LYP total energy (gfw basis),

EB3LYP, of -991.055720 hartree (1 hartree = 1 atomic

unit = 2625.5 kJ/mol). These results are very similar to

those obtained at the B3LYP level of theory by Noel et al.

(2006) with a slightly different basis set. In the present

work, a slightly larger b0 cell edge (10.29 against 10.25 Å)

is obtained. Computed static volume is close to other

computed results (see Table 1) obtained at both LDA

(Haiber et al. 1997; Li et al. 2007) and GGA (Jochym et al.

2004) level of theory with the B3LYP volume being

intermediate between the two sets of values.

Data from the detailed experimental compressional

studies by Hazen (1976) up to 5 GPa at ambient T, coupled

with guessed values of thermal expansion from the ather-

mal limit to ambient T, allowed us to assign provisional

cell edges to each compressional state and to refine mini-

mum energy c/b and a/b ratios over a wide P range at the

athermal limit. This procedure, generally known as ‘‘sym-

metry preserving, variable cell-shape structure relaxation’’

(Kiefer et al. 2001; Wentzcovitch et al. 1993; da Silva et al.

1997; Karki et al. 1997) was computationally very

demanding because 152 runs (86 for the c/b ratios and 66

for the a/b ratios) were necessary to determine satisfacto-

rily the potential well of the substance on 14 different

compressional states.

The results of the iterative computations are presented

as electronic supplementary material in Figs. S1 and S2

(supplementary materials), to illustrate the internal con-

sistency of the procedure. In Fig. S1 (supplementary

material) we show the local minima on the various c/b

curves for different nominal pressures. In Fig. S2 (sup-

plementary material) we show the optimized values of the

a/b ratio (local minima) that are determined on the basis of

the previously optimized c/b ratios and the molar volumes

corresponding to the nominal input pressure.

The partial derivative of a third-order polynomial fitted

over the molar B3LYP total energy (EB3LYP, J/mole)–

molar volume (V, J/bar) couples allowed us to establish the

ab initio potential value of static pressure Pst corresponding

to a given compressional state, which is shown by a

number on the various E = f(a/b) curves in Fig. S2 (sup-

plementary material).

The calculated ratios of a/b cell edges versus the com-

puted static pressure show good agreement with the available

experimental data, while those of c/b cell edges are found to
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be somewhat smaller than that determined experimentally

[Fig. S3 (supplementary material)]. It should be noted,

however, that there is some disagreement in the literature

about the optimum a/b and c/b ratios at ambient conditions.

In spite of these minor problems, our results (ab initio cell

edges vs. ab initio static pressure) are mostly consistent with

the experimental data of Hazen (1976) at high pressure

(Fig. 1). We find Mg-olivine to compress anisotropically,

and preferentially along the b axis.

The bulk modulus of the mineral at zero pressure

(K0 = 130.810 GPa) and its P-derivative oK=oP ¼ K 0 ¼ð
4:001Þ were obtained by Gaussian integration of the Birch–

Murnaghan third order finite strain isothermal equation of

state (EoS):

Pst ¼ �
oEai

oV

� �
T¼0

¼ 3

2
K0 g�7=3 � g�5=3
h i

� 1� 3

4
4� K 0ð Þ g�2=3 � 1

h i� �
þ P0 ð2Þ

where g is a dimensionless variable, often called the ‘‘dil-

aton’’ parameter, and defined as g = V/V0, with V0 being the

volume at the reference pressure P0. According to Anderson

(1995), the value of the bulk modulus at the athermal limit is

intermediate between the value given by Isaak (1991)

(128 GPa) and that obtained by a linear extrapolation to the

athermal limit of the experimental compressibility data at

Table 1 Equation of State

parameters of forsterite
V0 (Å3) K0 (GPa) K0 References

Calculated

296.7 130.8 4.001 This study (static)

297.5 125.6 4.001 This study (298.15 K)

290.1 134.6 5.2 Saxena et al. (1993)

291.9 Guyot et al. (1996) (300 K)

293.3 137.0 3.75 Haiber et al. (1997) (static)

298.8 Jochym et al. (2004) (static)

286.2 134.8 4.74 Jacobs et al. (2006) (static)

288.8 Jacobs et al. (2006) (298.15 K)

289.5 126.4 4.2 Li et al. (2007) (300 K)

Experimental

127.4 4.8 Meng et al. (1993)

4.4 Li et al. (1996)

5.2 Zha et al. (1996)

290.3 Smyth and Hazen (1973) (296 K)

289.8 Hazen (1976)

289.6 Fujino et al. (1981)

285.5 Baur (1972)

290.0 Lager et al. (1981)

292.3 Bragg and Brown (1926), Belov et al. (1951)

290.2 van der Wal et al. (1987)

290.3 Cernik et al. (1990); Della Giusta et al. (1990)

128 Isaak (1991) (static, extrapolated)

134.6 Anderson (1995) (static, extrapolated)

126 Manghnani and Matsui (1981) (static, extrapolated)

290.1 125 4.0 Downs et al. (1996) (300 K)
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c calculated

α -Mg2SiO4
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C
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l e
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e 
(

)

Fig. 1 Cell edges of a-Mg2SiO4 (Å) versus pressure (GPa). Com-

puted results of this study (open symbols) are compared with the

experimental data of Hazen (1976) (filled symbols)
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P = 0 (K0 = 134.6 GPa; cf. Anderson et al. 1992 and Fig-

ure 2.4 and Table A-7.5 in Anderson 1995). The pressure

derivative of the bulk modulus at the athermal limit, K0, is at

the lower end of literature estimates, which range from 4.0 to

5.2 (Downs et al. 1996; Li et al. 1996; Sumino et al. 1977;

Sumino and Anderson 1984; Zha et al. 1996). A first sight

inspection to Fig. S4 (supplementary material) could sug-

gests that the wide range of K0 is ascribable to the fact that a

finite strain third order equation is inadequate to describe

accurately the static potential well over a wide P-range

However, the pressure derivative of the bulk modulus at the

athermal limit is very near to the condition (K0 = 4) that

reduces the Birch–Murnaghan expansion to second order

(see also Anderson 1995, to this purpose). Indeed K0 = 4 was

adopted by Downs et al. (1996) to retrieve their experimental

data in the P range 0–17.2 GPa. It is thus not appropriate to

explore higher order equations such as the Vinet EoS or the

fourth order Birch–Murnaghan. In Fig. 2, we see that our

predicted V/V� ratios are not far from the experimental

observations of Downs et al. (1996) within the range of

extrinsic stability of the polymorph. The agreement is rather

good also with the computational results of Li et al. (1996)

while the thermodynamic assessments of Saxena et al.

(1993) and Jacobs et al. (2006) suggest a lower isothermal

compressibility of the polymorph at all P of interest, in line

with the experiments of Will et al. (1986).

The results of our static calculations are summarized,

and compared with the current estimates and experimental

data in Table 1.

Wadsleyite (b-Mg2SiO4)

Wadsleyite, which is also referred to as ‘‘beta form’’ or

‘‘modified spinel’’ in the literature, is an orthorombic

bipyramidal (Ibmm) polymorph of the Mg-orthosilicate.

There are six irreducible atoms in the conventional cell.

Canonical structure was refined long ago by Moore and

Smith (1970) and Baur (1972). The results of the detailed

experimental compressional studies (Hazen et al. 2000; Li

et al. 1998), in situ high P–T measurements (Meng et al.

1993) and previous first-principles investigations (Haiber

et al. 1997; Kiefer et al. 2001; Wu and Wentzcovitch 2007)

allowed us to assign provisional cell edges to each com-

pressional state and to refine minimum energy c/b and a/b

ratios over a wide pressure range at the athermal limit, as

described above for the a polymorph.

The partial derivative of a third-order polynomial fitted

to the calculated molar total energy (EB3LYP, J/mole)—

molar volume (V, J/bar) couples allowed us to establish the

ab initio potential value of static pressure, Pst. As illus-

trated in Fig. 3, our computed results are consistent with

the experimental data of Hazen et al. (2000). The mineral

compresses anisotropically and preferentially along the c

axis. The c/b and a/b ratios gradually converge at high

pressure while the a/b ratio remains fairly constant.

Setting the nominal static pressure to zero at the athermal

limit, we estimated a cell volume of 550.0 Å3 (a0 = 5.731 Å;

b0 = 11.516 Å; c0 = 8.333 Å). A complete optimization of

the crystalline structure gave V� = 550.4 Å3 (a0 = 5.734 Å;

b0 = 11.521 Å; c0 = 8.332 Å) and a B3LYP total energy

(gfw basis) EB3LYP = - 991.0427538 hartree. As for for-

sterite, the predicted volumes are slightly larger than the one

reported from calculations at the LDA level of theory (Hai-

ber et al. 1997; Kiefer et al. 2001; Wu and Wentzcovitch

2007).

The bulk modulus of the substance at zero pressure

(K0 = 161.826 GPa) and its pressure derivative

0 5 10 15 20 25 30
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0.86

0.88

0.9

0.92
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1 Hazen (1976)
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Will et al. (1986)
Downs et al. (1996)
Saxena et al. (1993)
Jacobs et al. (2006)
Li et al. (2007)
This study

V
 / 

V
0

Fig. 2 Compressional states of forsterite at various P conditions.

Computational results are compared with experiments and estimates
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C
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Hazen et al. (2000)

-Mg2SiO4

Fig. 3 Cell edge ratios of b-Mg2SiO4 (adimensional) versus pressure

(GPa). Results of this study are compared with the experiments of

Hazen et al. (2000)
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oK=oP ¼ K 0 ¼ 4:415ð Þ were obtained by Gaussian inte-

gration of the Birch–Murnaghan third order finite strain

isothermal EoS and are consistent with the room-temper-

ature estimates of Akaogi et al. (1989) based on the data of

Sawamoto et al. (1984) and Tanaka et al. (1987) (i.e.

KT = 173; K0 = 4.3). As shown in Fig. S5 (supplementary

material), the Birch–Murnaghan equation provides for this

phase a good fit of the computed energies. The results of

our static calculations are compared in Table 2 with those

of other static calculations and experimental data.

Ringwoodite (c-Mg2SiO4)

The c-polymorph, which is also known as ringwoodite,

crystallizes in the cubic system (crystal class Cubic Hexa-

kisoctahedral, Space Group Fd-3 m). There are 14 atoms in

the unit cell and three irreducible atoms in the conventional

cell. Only oxygen is in general position. Based on the

ab initio molecular dynamics investigation of Haiber et al.

(1997), we assigned provisional cell edge (a0) and oxygen

fractional coordinate (x) in a wide pressure range, from a

nominally negative pressure of -40 GPa (corresponding to a

virtual expanded state) to 110 GPa. For each pressure

condition (and corresponding cell edge), the fractional

coordinates of oxygen (x) were varied within the range

±0.003 of the initially assigned value to account for the

effect of internal strain on the electronic energy of the sub-

stance [Fig. S6 (supplementary material)]. A geometry

optimization on each selected (a0, x) couple allowed us to

further relax the internal coordinates and to determine the

potential well of the substance.

On the basis of the partial derivative of a third-order

polynomial fitted over 17 molar B3LYP total energy

(EB3LYP, J/mole)—molar volume (V, J/bar) couples, we

established the ab initio potential value of static pressure,

Pst, corresponding to each selected (a0, x) [see also Fig. S6

(supplementary material)] and located the zero pressure

condition. The resulting molar volume V� is 3.9967 (J/bar)

(a0 = 8.0975 Å) at the athermal limit. A final geometry

optimization on the conformed minimum (a0 = 8.097477

Å, x = 0.244678) resulted in a B3LYP total energy (gfw

basis) EB3LYP = - 991.037853 hartree.

Our results are in overall agreement with the first prin-

ciples computations. Again, B3LYP volumes are

intermediate between LDA (Haiber et al. 1997; Kiefer et al.

1999; Yu and Wentzcovitch 2006) and GGA (Piekarz et al.

2002) data. However, when compared with the available

experimental data (Hazen et al. 1993; Weidner et al. 1984;

Ridgen and Jackson 1991), all ab initio computations seem

to overestimate the cell edge of ringwoodite for pressures

up to *60 GPa and to underestimate it at higher pressures

(Fig. 4).

In Table 3, our computed results are compared with

previous calculations and experimental data. Application

of the Birch–Murnaghan equation through non-linear

minimization indicates a zero point bulk modulus

K0 = 196.389 GPa, roughly consistent with the extrapo-

lation to the athermal limit of the experimental values

Table 2 Equation of State

parameters for wadsleyite
V0 (Å3) K0 (GPa) K0 References

Calculated

550.4 161.8 4.415 This study (static)

551.7 158.6 4.415 This study (298.15 K)

527.4 180.8 4.34 Kiefer et al. (2001) (static)

535.1 169.2 4.53 Kiefer et al. (2001) (300 K)

545.2 179.0 4.26 Haiber et al. (1997) (static)

538.6 181.4 4.3 Saxena et al. (1993)

528.1 179.2 4.20 Jacobs et al. (2006) (static)

533.5 – – Jacobs et al. (2006) (298.15 K)

541.4 165.7 4.44 Wu and Wentzcovitch (2007) (298.15 K)

537.0 169.7 4.15 Matsui (1999)

Experimental

535.3 160 ± 3 4 Hazen et al. (1990)

539.3 172 ± 3 6.3 Hazen et al. (2000)

172.6 4.8 Meng et al. (1993)

538.1 – – Horiuchi and Sawamoto (1981)

538.6 – – Akimoto et al. (1976)

– 173 4.3 Akaogi et al. (1989)

– 174 4.3 Fei et al. (1992)
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measured at room temperature by Meng et al. (1994)

(K0 = 182 GPa), Weidner et al. (1984) (K0 = 183 GPa)

and Jackson et al. (2000) (K0 = 185 GPa) (Table 3), and a

pressure derivative oK=oP ¼ K 0 ¼ 4:322; which is close to

the value measured by Meng et al. (1994; K0 = 4.2). The

Birch–Murnaghan equation provides a reasonable fit of the

computed energies especially at high pressure [Fig. S7

(supplementary material)].

Table S1(supplementary material) summarizes the

results of our static computations at the athermal limit for

the three polymorphs of Mg2SiO4.

Vibrational calculations

Forsterite (a-Mg2SiO4)

There are 28 atoms in the orthorombic bipyramidal unit

cell of the a-polymorph of Mg2SiO4. The irreducible rep-

resentation of vibrational modes, with a group theoretical

treatment of the optical zone-center (C point; k = 0), yields

C ¼ 7B2g þ 14B2u þ 7B3g þ 14B3u þ 10Au þ 11B1g

þ 10B1u þ 11Ag ð3Þ

In Table S2 (supplementary material) we list the

vibrational frequencies obtained in this study and the

results of their mode-gamma analysis. The harmonic

vibrational frequencies at C point obtained in this study do

not differ much from the results of Noel et al. (2006) and the

recent work by Li et al. (2007) at the LDA level of theory

within a planewave/pseudopotential theoretical approach,

with the mean deviation being -5 and -10 cm-1,

respectively. In the same table we also report the

longitudinal optical–transversal optical (LO–TO) splitting

connected with induced dipole moment in polar crystals.

Here, the LO–TO splitting were obtained by adding a

nonanalytical term (Dovesi et al. 2006) and adopting the

dielectric tensor as computed at the same level of theory by

Noel et al. (2006) (xx = 2.564, yy = 2.423; zz = 2.472).

Only B1u, B2u and B3u modes show a significant LO–TO

splitting which attains 133 cm-1 in the largest case. The

effect of this contribution on the vibrationally dependent

thermodynamic properties is thus rather small and it was not

computed for other polymorphs (see ‘‘Discussion’’ later on).

The quasi-harmonic mode-gamma analysis of the aTKT

product1:

aT KT ¼
R

ZV

X3n

i¼4

cie
�Xi

Xi

eXi � 1

� �2

ð4Þ

where Xi ¼ �hxi

kT (with �h = Planck’s constant divided by 2p
and k = Boltzmann’s constant) and

ci ¼ �
o ln mi

o ln V
ð5Þ

and the summation is extended to all optical modes

[Table S2 (supplementary material)], shows that at high

T, aTKT has a quite constant value, averaging

4.47 9 10-3 GPa/K in the T range 1,000 B T B 3,000 K

and attaining 0.0046 GPa/K at the T ? ? limit (Fig. 5;

Table 4). According to Anderson (1995) the aTKT prod-

uct of forsterite increases from 3.46 9 10-3 GPa/K at

300 K to 4.40 9 10-3 GPa/K at 1,700 K with roughly

Table 3 Equation of State parameters for ringwoodite

V0 (Å3) K0 (GPa) K0 References

Calculated

530.9 196.4 4.322 This study (static)

531.7 193.3 4.322 This study (298.15 K)

533.5 189.0 4.08 Haiber et al. (1997) (static)

497.0 206.8 4.0 Kiefer et al. (1999) (static, K0 assumed)

526.7 196.9 4.3 Saxena et al. (1993)

539.1 176.0 Piekarz et al. (2002) (static)

189.4 4.33 Jacobs et al. (2006) (static)

527.5 184.6 4.5 Yu and Wentzcovitch (2006) (300 K)

Experimental

523.9 190.3 4.1 Meng et al. (1994) (static, extrapolated)

526.7 182.0 4.2 Meng et al. (1994) (300 K)

182.6 5.0 Meng et al. (1993) (static)

526.7 – – Katsura and Ito (1989) (298.15 K)

524.6 – – Ito and Yamada (1982)

526.5 – – Katsura et al. (2004) (300 K)

0 20 40 60 80 100 120

Pressure (GPa)

7.4

7.6

7.8

8

8.2

8.4

B3LYP - This study
Piekarz et al. (2002)
Haiber et al. (1997)
Weidner et al (1984) ; Ridgen and Jackson (1991)

γ -Mg2SiO4

a 0
 (

)

Fig. 4 Cell edge of c-Mg2SiO4 (Å) versus pressure (GPa). Results of

this study are compared with literature theoretical estimates and

experiments

1 Note that Eq. (4) differs from the usual notation (cf. Anderson

1995) in having the term Z (number of formula units per unit cell) in

the denominator.
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constant values above the Debye temperature of the

substance (see Figure 2.5 and Table A-7.5 in Anderson

1995).

The quasi-harmonic treatment of vibrational frequencies

allows us to establish the thermal dependency of the bulk

modulus that is given by (see Anderson 1995; for a detailed

treatment):

oK

oT

� �
P

¼ � aKð Þ1� K 0 � qht þ 1
� �

ð6Þ

where aKð Þ1 is the limiting aK product at T ? ?,

cht ¼ �c T!1ð Þ ¼
1

3n� 3

� �X3n

i¼4

ci ð7Þ

and qht is given by

qht ¼ o ln cht

o ln V
ð8Þ

For forsterite, we get qht = 1.257, K0 = 4.001, and an

isobaric temperature derivative of bulk modulus (qKT/qT),

of -174.592 bar/K (i.e., &-0.017 GPa/K). The procedure

disregards the fact that, at low T, the bulk modulus would

presumably vary nonlinearly with temperature. However,

as we see in Fig. 6, this nonlinearity is virtually absent in

the experimental data for the alpha polymorph. The

calculated thermal effect on K is lower than that obtained

by the best fit to the experimental data, but lies within the

uncertainty range obtained by Meng et al. (1993) (i.e.
oK
oT

� �
¼ �0:0214� 0:03 GPa/K) from a least squares fit of

the measured thermal pressure. Moreover, by coupling the

aK product with the isobaric temperature derivative, we

obtain the ab initio thermal expansion that is in good

agreement with the experimental data of Matsui and

Manghnani (1985) (Fig. 7).

The computed a values may be recast into a T-polyno-

mial with negligible error in reproducibility (Table 4). The

change of sign in the second derivative of the aT(T) at high

T is very likely an artefact of the approximations intro-

duced in the quasi-harmonic gamma-mode analysis of

frequencies. The non-zero a0 coefficient in the aT versus T

polynomial for forsterite solves the purpose of maintaining

a constant slope in the a = f(T) relation at high T.

For the calculation of themodynamic properties, we

combine the Kieffer’s model (Kieffer 1979a, b) for

acoustic modes and the Einstein model for optic modes. In

the harmonic approximation, the isochoric heat capacity,

Cv, of one mole of a solid is then given by the relation

CV ¼
3R

Z

2

p

� �3X3

i¼1

ZXi

0

arcsin X=Xið Þ2
h i

X2eXdX

X2
i � X2ð Þ1=2

eX � 1ð Þ2

þ R

Z

X3n

4

eXi
Xi

e�Xi � 1

� �2

ð9Þ

where n is the number of atoms and Z is the number of

formula units per unit cell. The first term on the right is the

acoustic contribution at kmax, which is represented in terms

of a sine-wave dispersion relation [Kieffer 1979a, b;

Table S2 (supplementary material]. The second term is the

contribution of all remaining (optic) modes. The CV of

forsterite, computed according to Eq. 9 attains the Dulong–

Petit limit at high temperature. The CV values have been

calculated using ab initio vibrational frequencies, and also

using a scaling factor to these frequencies that is discussed
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K
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Fig. 5 Computed aK product of forsterite compared with the

indications of Anderson (1995)

Table 4 Quasi-harmonic analysis of vibrational modes, and the derived thermodynamic parameters

Phase qht aKð Þ1 (dK/dT)P a0 9 107 a1 9 107 a2 9 103 a3 a4

– Bar/K Bar/K – K-1 K-2 K-3 K-4

a-Mg2SiO4 1.257 46.632 -174.592 0.10031 269.31 5.6082 -2.6162 243.828

b-Mg2SiO4 3.262 54.831 -117.997 0.00000 464.00 -13.8005 3.6196 -395.094

c-Mg2SiO4 3.283 51.053 -104.108 0.00000 323.00 -7.3084 1.3745 -150.406

aKð Þ1 and (dK/dT)P are in bar/K. a T = a0T ? a 1 ? a 2T-1 ? a 3T-2 ? a 4T-3. Thermal expansion expression valid in the T range 200 B T
(K) B 3,000
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later. The isobaric heat capacity, CP, can be computed from

CV using the standard relation

CP ¼ CV þ Ta2
T KP;T VP;T ð10Þ

Figure 8 illustrates the calculated CP versus T relation,

using scaled vibrational frequencies to compute CV (the

scaling of vibrational frequencies is discussed later). At

298 K, the calculated CP with unscaled vibrational

frequencies, is 116.8 J/[mol 9 K], which is quite close to

the calorimetric value of 117.9 J/[mol 9 K], (Robie et al.

1982) but significantly lower than the value 119.3 J/

[mol 9 K] that was computed at LDA level of theory by Li

et al. (2007).

In the high-T range, where optical contributions to

thermal properties are dominant, the computed CP is in

agreement with the calorimetric data tabulated in Robie

et al. (1978).

The semiclassical CP versus T data of forsterite be-

tweezn 298.15 and 3,000 K have been fitted by the Haas–

Fisher polynomial expression of CP as a function of T

(Haas and Fisher 1976)

CP ¼ aþ b� T þ c� T�2 þ d � T2 þ e� T�1=2 ð11Þ

The regression coefficients, are listed in Table 5. The

Haas–Fisher polynomial reproduces the computed

semiclassical CP data with a mean error of 0.2 J/

[mol 9 K], the summation of v2 residuals over 28 values

being 4.80 9 10-5.

In the absence of configurational disorder, the entropy of

one mole of crystalline substance can be expressed as

S ¼ Strans þ Svib þ Sel þ San

¼ 3R

Z

2

p

� �3X3

i¼1

ZXi

0

arcsin X=Xið Þ2
h i

XdX

X2
i � X2ð Þ1=2

eX � 1ð Þ

� 3R

Z

2

p

� �3X3

i¼1

ZXi

0

arcsin X=Xið Þ2
h i

X2
i � X2ð Þ1=2

ln 1� e�X
� �

dX

þ R

Z

X3n

i¼4

Xi

eXi � 1
� ln 1� e�Xi

� �� �

þ R

Z
ln Qeð Þ þ

ZT

0

VT KTa2
T ð12Þ

The first two terms on the right after the second equality

of this equation represents the sine-wave dispersion

contributions (acoustic modes) according to the Kieffer

model (Kieffer 1979a, b). The third term is the optical

contribution of the remaining 3n-3 (optic) modes. The

fourth term is the electronic contribution arising from spin

multiplicity (here identically equal to zero for all the

investigated phases) and the last term is the anharmonic

contribution to the entropy of the substance.

The commonly accepted value of entropy for forsterite

at 1 bar, 298 K is 94.11 J/[mol 9 K] (Berman 1987;

Holland and Powell 1990; Saxena et al. 1993). We obtain a

somewhat lower value of 92.5 J/[mol 9 K] from the

semiclassical calculations. However, this disagreement

essentially disappears when a scaling factor is applied to

the ab initio vibrational frequencies as will be discussed

later on, and mentioned above in the section dealing with

the calculation of CV. (With the use of the same scaling

factor the ab initio entropies of the b and c phases are also
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Fig. 7 Isobaric thermal expansion of forsterite, compared with

experiments and estimates. The dashed line is the linearized function

of aT = f(T)
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Fig. 6 Computed isobaric thermal derivative of the bulk modulus of

forsterite, compared with experiments (Manghnani and Matsui 1981;

Isaak et al. 1989) and literature estimates (Anderson 1995)
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found to be in good agreement with their respective calo-

rimetric third law entropies, as discussed below).

In the harmonic approximation the internal energy of the

solid is given by:

U ¼ Eai;crystal þ
3RT

Z

2

p

� �3X3

i¼1

ZXi

0

arcsin X=Xið Þ2
h i

XdX

X2
i � X2ð Þ1=2

eX � 1ð Þ

þ RT

Z

X3n

i¼4

Xi
1

2
þ 1

e�Xi � 1

� �
ð13Þ

where the second and third terms on the right constitute the

thermal correction to U, which we denote as Therm-U, and

includes the zero-point energy. Adding the PV product to

Therm-U, one obtains the thermal correction to enthalpy

(Therm-H), and subtracting the TS product from Therm-H

at the same P–T, one has the thermal correction to the

Gibbs free energy (Therm-G). All thermal corrected

parameters (Therm-U, Therm-H and Therm-G) are listed in

Table S3 (supplementary material). Adding thermal cor-

rections to B3LYP total energies (EB3LYP,crystal) and

summing up algebraically the various terms in a chemically

balanced reaction, one obtains directly enthalpy and Gibbs

free energy changes of the reaction at 1 bar, 298.15 without

the need of assessing enthalpy and Gibbs free energy of

formation from the elements, which are subject to con-

siderable uncertainties, due to the difficulties in estimating

the appropriate electronic energy for isolated gaseous

atoms (see Ottonello et al. 2007; for a more detailed

account of the problem).

Wadsleyite: (b-Mg2SiO4)

There are 28 atoms in the orthorombic bipyramidal unit

cell of the beta polymorph of Mg2SiO4. The irreducible

representation of vibrational modes, with a group theoret-

ical treatment of the optical zone-center (C point; k = 0)

yields

C ¼ 12B2g þ 10B2u þ 9B3g þ 12B3u þ 7Au þ 7B1g

þ 13B1u þ 11Ag ð14Þ

In Table S4 (supplementary material) we list the

vibrational frequencies obtained in this study and their

mode-gamma analysis.

The B3LYP computed data are in agreement with the

results of recent theoretical calculations by Wu and

Wentzcovitch (2007) at the LDA level of theory and

experimental data from infrared and Raman measurements

(see Wu and Wentzcovitch 2007; and reference therein).

Table 5 Ab initio volume (J/bar), entropy (J/[mol 9 K]) and Haas–Fisher isobaric (1 bar) heat capacity coefficients for the investigated phases)

Phase V�298.15 S�298.15 a 9 10-2 b 9 102 c 9 10-6 d 9 105 e 9 10-2

a-Mg2SiO4 4.4794 92.452 (94.114) 1.5555 (1.5513) 2.1449 (2.1307) -4.4249 (-4.4060) -0.08423 (-0.07918) 0.63793 (0.87536)

b-Mg2SiO4 4.1530 85.662 (87.316) 1.5854 (1.6139) 2.3753 (2.2270) -4.2454 (-4.1112) -0.27587 (-0.24731) -0.39472 (-0.86514)

c-Mg2SiO4 4.0026 80.183 (81.715) 1.5363 (1.5346) 2.1642 (2.1405) -4.7897 (-4.7490) -0.31483 (-0.30796) 1.0957 (1.2708)

Values in parentheses obtained with scaled frequencies (see text for details)

Fig. 8 a Semiclassically predicted low-T isobaric heat capacities of

forsterite (scaled frequencies) compared with experiments. b Semi-

classically predicted high-T isobaric heat capacities of forsterite

compared with tabulated values. The isochoric heat capacity curve

(dashed line) is also shown to attain, as it should, the 3nR Dulong–

Petit limit at high temperature (n is the number of atoms per formula

unit)
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According to the experimental data of Meng et al.

(1993), the aK product of wadsleyite increases from

3.65 9 10-3 GPa/K at 300 K to a constant value of

5.16 9 10-3 GPa/K above its Debye temperature. Our

gamma mode analysis of ab initio frequencies yields an

average value of aK of 5.48 9 10-3 GPa/K at high

temperature. As illustrated in Fig. S8 (supplementary

material), our results agree with Meng et al. (1993) within

the experimental uncertainty of the data.

Proceeding in the same manner as done for forsterite, we

obtained the isobaric temperature derivative of the bulk

modulus of wadsleyite to be -0.012 GPa/K, which is

substantially smaller in magnitude than the experimental

data of Fei et al. (1992) on b-(Mg0.84Fe0.16)2SiO4 (-0.027

GPa/K). However, our results for thermal expansion are

roughly consistent with the data of Suzuki et al. (1980)

(Fig. 9; Table 4).

The low-temperature semiclassical CP values are in

good agreement with the recent calorimetric measurements

of Akaogi et al. (2007) (Fig. 10a). The computed high-

temperature CP values are also in good agreement with the

thermodynamic assessment of Jacobs and de Jong (2005)

up to 1,500 K (Fig. 10b). For higher temperature, our

computation gives values intermediate between those of

Jacobs and de Jong (2005) and Watanabe (1982) (refitted

by Fei and Saxena 1986).

The Haas–Fisher polynomial expansion (Table 5)

reproduces computed heat capacities with a mean error of

0.6 J/[mol 9 K]). The summation of v2-residuals over 28

values is 4.63 9 10-4. The B3LYP predicted entropy at

1 bar, 298.15 K is 85.7 J/[mol 9 K], which is close to the

value of 86.4 ± 0.4 J/[mol 9 K]) determined recently by

Akaogi et al. (2007) using their low-temperature calori-

metric data, and somewhat lower than the 88.7 J/

[mol 9 K] predicted by Wu and Wentzcovitch (2007). The

third law entropy values determined in this study and by

Akaogi et al. (2007) are significantly lower than those of

Jacobs and de Jong (2005) (91.3 J/[mol 9 K]) and Saxena

et al. (1993) (93.0 J/[mol 9 K]).

Ringwoodite (c-Mg2SiO4)

There are 14 atoms in the Cubic Hexakisoctahedral unit

cell corresponding to 39 true vibrational modes. The irre-

ducible representation of vibrational modes, with a group

0 500 1000 1500 2000 2500 3000

T (K)

0

0.00001

0.00002

0.00003

0.00004

0.00005

B3LYP - this study
Suzuki et al. (1980)

-Mg2SiO4

 (
K

-1
)

Fig. 9 Comparison of the Isobaric thermal expansion coefficient

versus T of wadsleyite, as calculated in this study, with the

experimental data of Suzuki et al. (1980)

Fig. 10 a Semiclassically predicted low-T isobaric heat capacities of

wadsleyite compared with the results of recent calorimetric experi-

ments. b Comparison of high-T isobaric heat capacitiy of wadsleyite

calculated in this study (semiclassical) with that of Jacobs and de

Jong (2005) and Watanabe (1982), as refitted by Fei and Saxena

(1986)
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theoretical treatment of the optical zone-center (gamma

point; k = 0) yields

C ¼ 6Eu þ 1Bu þ 2Eg þ 1Ag þ 3F1g þ 9F2g

þ 12F1u þ 6F2u ð15Þ

In Table S5 (supplementary material) we list the

vibrational frequencies obtained in this study and their

mode-gamma analysis. The results compare well with the

recent prediction by Yu and Wentzcovitch (2006) at the

LDA level of theory and available experimental data

(Chopelas et al. 1994).

The mode-gamma analysis of ab initio frequencies

yields an average value of aK of 5.01 9 10-3 GPa/K at

high temperature, which is somewhat larger than the aK

value of 4.54 9 10-3 GPa/K above the Debye temperature

that was determined by Meng et al. (1993) on the basis of

in situ high P–T–X diffraction studies. Our ab initio aK

values are, however, much larger than the estimates of

Saxena et al. (1993) at all temperature above *500 K

[Fig. S9 (supplementary material)].

Using the limiting value of the aK product for T ? ?
(51.052 bar/K) the ab initio bulk modulus at the athermal

limit (196.389 GPa) and its isothermal pressure derivative

(K0 = 4.322) we deduce a value of -0.010 GPa/K for the

isobaric thermal derivative of the bulk modulus of ring-

woodite, which is much lower than the value of

-0.028 ± 3 given by Meng et al. (1993). However, as

illustrated in Fig. 11, our results for the thermal expansion

coefficient as a function of temperature agree very well

with the experimental data of Suzuki et al. (1979) and

Ming et al. (1992) (Fig. 11; Table 4).

We determined the isochoric and isobaric heat capaci-

ties of ringwoodite following the same procedure as used in

the derivation of these thermochemical properties for the

other polymorphs, as discussed above. The computed low-

temperature CP values are again in good agreement with

the recent calorimetric data of Akaogi et al. (2007)

(Fig. 12a), while the high-T values are in good agreement

with those of Chopelas et al. (1994), and Watanabe (1982)

(Fig. 12b) Haas–Fisher coefficients of polynomial fitting of

high-T semiclassical isobaric heat capacity are listed in

Table 4. The polynomial function reproduces computed
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Fig. 11 Computed thermal expansion of ringwoodite compared with

the experimental data of various authors. The bold line is the thermal

expansion derived from ab initio calculations

Fig. 12 a Semiclassically predicted low-T isobaric heat capacities of

ringwoodite compared with the results of recent calorimetric exper-

iments. b Semiclassically predicted isochoric and isobaric heat

capacities of ringwoodite. The isobaric heat capacity data of Chopelas

et al. (1994) and Watanabe (1982) are superimposed for comparative

purposes
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heat capacities with a mean error of 0.6 J/[mol 9 K]). The

summation of v2 residuals over 28 values is 5.71 9 10-5.

Our semiclassically computed third law entropy at

1 bar, 298 K is 80.2 J/[mol 9 K]), which is close to the

recent third law value of 82.7 ± 0.5 J/mol-K determined

by Akaogi et al. (2007) from calorimetric CP data, but is

significantly lower than the estimates of Fei et al. (1990)

(89.0 J/[mol 9 K])), Jacobs and de Jong (2005) (88.1–

91.8 J/[mol 9 K], depending on the adopted volume esti-

mates) and Yu and Wentzcovitch (2006) (85 J/[mol 9 K]).

Discussion: ab initio and semiclassical calculations,

volume refinement and scaling of vibrational

frequencies

Within the lattice dynamics theory, the calculation of

thermodynamic properties requires the knowledge of the

full phonon dispersion relation and the corresponding

vibrational density of states (VDOS). Thermodynamic

functions are then expressed as averages over the VDOS.

Because of this averaging, thermodynamic properties are

insensitive to details of the VDOS and even simplified

models can be adopted such as the Kieffer’s model 1979a, b

that was successfully applied to solids and also recently by

Jacobs and De Jong (2003) and Jacobs et al. (2006). As

already discussed, the Kieffer’s model approximates the

VDOS for acoustic modes through a sine-like dispersion

relation related to group velocities in combination with an

Einsten’s model for optic modes. As a demonstration of the

validity of such an approach, in Table 6 we report a com-

parison of computed isobaric heat capacity and entropy at

298 K for Mg2SiO4 polymorphs with both ab initio results

obtained at the LDA level by means of a full calculation

of the VDOS (Li et al. 2007; Wu and Wentzcovitch 2007;

Yu and Wentzcovitch 2006) and recent experimental data

from calorimetric measurements (Akaogi et al. 2007). Here,

the computed B3LYP vibrational frequencies were used for

the optic modes. Although the adopted semiclassical model

lacks of the rigor of a complete lattice dynamics, it sur-

prisingly gives very good results.

A further comment is needed concerning the contribution

of LO and TO modes at C-point on thermodynamic proper-

ties. With respect to previous discussion on VDOS, we

expect that the LO–TO splitting hardly affect thermo-

dynamic functions. To prove that, we used data reported in

Table S2 (supplementary material) for forsterite and we

simply averaged LO–TO frequencies. An increase of 0.8 J/

(mol 9 K) in the optical contribution to the bulk entropy and

heat capacity is observed, with respect to the C point analysis

while thermal corrections to U and H decrease of 0.5 kJ/mol.

Although this procedure is rather crude to be proposed as a

predictive tool it indicates that the correction is rather small.

Therefore, in the present work the thermodynamic analysis

was based on computed TO frequencies.

In estimating the molar volume at 1 bar, 298.15 K, we

started from the static volume at the athermal limit,

neglecting the contribution of vibrational pressure which

arises from thermal energy at zero point. This vibrational

contribution to the zero point volume can be assessed

through application of the approximate Born–Huang rela-

tion (Born and Huang 1954).

V0 � V0;st

V0;st

¼ 9

8
� cnRHD

V0K0

ð16Þ

where HD is the elastic or ‘‘characteristic’’ Debye tem-

perature obtained from acoustic frequencies and the other

symbols have their usual meaning.

From the data summarized in Table 7, we find that the

contribution of the zero-point vibrational terms to the zero

point volume is non-negligible. In the case of wadsleyite,

the increase of 0.040 J/bar computed by us is in good

agreement with the previous estimates of Jacobs et al.

(2006) (i.e. 0.045 J/bar). Unfortunately, the predicted vol-

ume shifts further worsen the disagreement between the

semiclassical B3LYP predictions and the experimental

Table 6 Comparison of computed isobaric heat capacity and entropy

at 298 K for Mg2SiO4 polymorphs with both ab initio results obtained

at the LDA level by means of a full calculation of the VDOS and

recent experimental data from calorimetric measurements

Present studya LDA (full VDOS)b Exp.c

Unscaled Scaled

CP (J/[mole 9 K])

a-Mg2SiO4 116.8 117.9 119.3 117.9

b-Mg2SiO4 116.2 117.3 118.1 116.3

c-Mg2SiO4 113.2 114.5 116.9 114.0

S (J/[mole 9 K])

a-Mg2SiO4 92.5 94.1 95.9 94.1

b-Mg2SiO4 85.7 87.3 88.7 86.4

c-Mg2SiO4 80.2 81.7 85.0 82.7

a See text for further details
b Li et al. 2007; Wu and Wentzcovitch 2007; Yu and Wentzcovitch

2006
c Akaogi et al. (2007)

Table 7 Contribution of acoustic branches to the zero point volume

of the investigated substances

Phase HD E�ac (hartree) V� (J/bar) DV (J/bar)

a-Mg2SiO4 750 0.00028566 4.5154 0.0472

b-Mg2SiO4 896 0.00034127 4.1837 0.0402

c-Mg2SiO4 880 0.00033517 4.0168 0.0201

Elastic Debye temperatures and thermal energies are also listed
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data. This problem, and the fact that Eq. 16 was obtained

by factoring out the discrete mode-gammas of the indi-

vidual acoustic branches, which is only a crude

approximation of a more complex reality (the electronic

energy arising from the acoustic modes is roughly 1% of

the bulk zero point energy of the substance; cf. Tables S3

and 7), lead us to disregard the vibrational contribution to

the zero-point volume.

We now consider the sensitivity of vibrational properties

to the equilibrium lattice parameters. The expected range

of uncertainty in the determination of V0 with the CRYS-

TAL default computational procedure is smaller than 1%

(Pascale et al. 2004). We first observe that cell volume

variations of 6% in either direction, which correspond to an

energy change of 0.003 hartree, induce a maximum shift of

about 100 cm-1 in the wave number. The variation of the

vibrational frequencies with volume is quite regular, as

shown in Fig. 13, for the 11 Ag modes of forsterite. The

largest excursion in the 0.94–1.06 V0 range for Ag modes is

96 cm-1. An 1% change on the calculated volume at the

athermal limit corresponds roughly to a maximum uncer-

tainty of 16 cm-1 on the adopted wavenumber.

As one would see in Fig. 13, the curvature of the fre-

quency shift is almost negligible in the investigated range.

In evaluating the thermal effect on the isobaric compress-

ibility of the investigated phases, we factored out the mode-

gammas of the individual modes (Eqs. 8–10) implicitly

assuming them to be independent on temperature. More

complex analyses may be eventually carried out. Jacobs

et al. (2006), for example, proposed a Taylor expansion of

logarithmic terms truncated to the third degree:

ln
miðVÞ
miðV0

� �
¼ �ci;0 ln

V

V0

� �
� 1

2
q1;i;0ci;0 ln2 V

V0

� �

� 1

6
q1;i;0ci;0 q1;i;0 þ q2;i;0

� �
ln2 V

V0

� �
ð17Þ

where

ci;0 ¼
o ln mi

o ln V

� �
T¼0;P¼0

; q1;i;0 ¼
o ln ci

o ln V

� �
T¼0;P¼0

;

q2;i;0 ¼
o ln qi

o ln V

� �
T¼0;P¼0

Writing the vibrational frequency as dependent upon an

anharmonicity parameter a for each mode of vibration i,

one has a more precise way of depicting the frequencies in

the T–V space:

mðT ;VÞ ¼ mðVÞ 1þ aTð Þ ð18Þ

According to Jacobs et al. (2006) the anharmonicity

parameter is always negative and assumes, in the case of

forsterite, values of the order 10-5 K-1.

T-dependent mode-gammas could be of some utility

only in the high-T region where the quasi-harmonic anal-

ysis fails due to anharmonic effect that is highlighted by the

direct comparison of computed and experimental thermal

pressures (see, for example, Fig. 10.1 in Anderson 1995).

We have already seen that such anharmonic effect could

be relevant for the high-P polymorph ringwoodite at

T [ 2,000 K [Fig. S9 (supplementary material)], but we

have no clear idea as yet on the importance of this effect

for the other two polymorphs.

The accurate ab initio all electron investigation at the

B3LYP level reported by Noel et al. (2006) of the vibra-

tional behavior of the a-polymorph makes it possible to

precisely assign all experimental measurements to discrete

IR and Raman active modes of the mineral (see their

Tables 5, 7). Although the LO/TO splitting, not taken into

account in the present work, prevents a detailed analysis of

computed frequencies of the IR-active data, the comparison

between the experimental Raman-active wave numbers

(Servoin and Piriou 1973; Iishi 1978; Hofmeister 1987;

Chopelas 1991; Reyand 1991; Kolesov and Geiger 2004)

and the computed frequencies shows a good agreement

(R2 = 0.993–0.995), and indicates scaling factors in the

range 0.985–0.989 (slope coefficients) between experi-

mental and computed data (Fig. 14).

The need for a scaling factor between ab initio harmonic

frequencies and experimental observation is widely rec-

ognized (e.g. Scott and Radom 1996). Application of the

scaling factor to the ab initio vibrationally dependent

thermodynamic parameters yields discrete values that are

more consistent with the experimental results and/or clas-

sical thermodynamic deductions (values in brackets in

Table 5). When the same basis set and theoretical

0.94 0.96 0.98 1 1.02 1.04 1.06

-40

-20

0

20

40

ω
 (

cm
-1

)

V/V0

α -Mg2SiO4

Ag modes

Fig. 13 Dependence of vibrational frequencies of forsterite on the

cell volume V. Eleven vibrational mode frequencies of Ag symmetry

are represented with their quadratic fitting curves. Frequencies are

referred to the respective values at the equilibrium cell volume V0
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treatment are applied to all phases, the scaling procedure

has a negligible effect on the relative stabilities of the

various polymorphs. However, in general, the values

computed for heat capacity and entropy of the individual

Mg2SiO4 polymorphs, which are summarized in the

Table 8, are found to be in good agreement with the

experimental data when the ab initio harmonic frequencies

are subjected to the mean scaling factor of 0.9875.

This is illustrated by a comparison between ab initio and

experimental data for the Raman active wave numbers for

forsterite (Fig. 14). For a-polymorph, the semiclassical CP

(117.9 J/[mol 9 K]) and S0 (94.11 J/[mol 9 K]) values at

298 K, calculated on the basis of scaled frequencies, are

effectively the same as the corresponding calorimetric val-

ues (identical to the first and second decimal places,

respectively) tabulated by Robie et al. (1982). For the

b-polymorph, we get, using scaled frequencies, S0(1 bar,

298 K) = 87.3 J/[mol 9 K], which is close to the recent

calorimetric datum of 86.4 ± 0.4 J/[mol 9 K]) of Akaogi

et al. (2007). For the c-polymorph, the scaling factor based

semiclassical S0(1 bar, 298 K) = 81.7 J/[mol 9 K]), which

is again in close agreement with the recent third law calori-

metric value of 82.7 ± 0.5 J/[mol 9 K] determined by

Akaogi et al. (2007).

Application to phase equilibria

The first obvious application of our investigation is the

appraisal of the univariant equilibria governing the relative

stabilities of forsterite (a), wadselyite (b) and ringwoodite

(c) in the P–T space. The relevant reactions are:

Mg2SiO4 \= [ Mg2SiO4

forsterite wadsleyite
ðaÞ

Mg2SiO4 \= [ Mg2SiO4

wadsleyite ringwoodite
ðbÞ
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Fig. 14 Calculated versus experimental Raman-active wave numbers

of forsterite. Slope coefficients between ab initio and experimental

sets range from y = 0.985x to y = 0.989x, not far from the identity

condition y = x

Table 8 Recommended

predicted thermo-chemical

properties of Mg2SiO4

polymorphs at 1 bar, 298 K

Magnitude Forsterite (alpha) Wadsleyite (beta) Ringwoodite (gamma)

V� (J/bar) 4.437 4.087 3.963

S� (J/[mol9K]) 94.1 87.3 81.7

Cp (J/[mol9K) a 9 10-2 1.5513 1.6139 1.5346

b 9 102 2.1307 2.2270 2.1405

c 9 10-6 -4.4060 -4.1112 -4.7490

d 9 105 -0.0792 -0.2473 -0.3080

e 9 10-2 0.87536 -0.86514 1.2708

Thermal expansion (K-1) a0 0.10031 0 0

a1 269.31 464.00 323.00

a2 5.6082 -13.8005 -7.3084

a3 -2.6162 3.6196 1.3745

a4 243.828 -395.094 -150.406

K0 (GPa) 130.8 161.8 196.4

K0 4.001 4.415 4.322

(dK/dT)P (bar/K) -174.592 -117.997 -104.108

Reaction (kJ/mol) DH DG

Alpha , beta 33.592 35.619

Beta , gamma 12.429 14.099
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The changes of Gibbs free energies (DG), enthalpies

(DH), entropies (DS) and volumes (DV) of these reactions

at the standard state (pure end-member phase at

T = 298.15 K and P = 1 bar) are listed in Table 9.

Gibbs free energy and enthalpy of reaction were readily

obtained by summing up algebraically the electronic

energies and the thermal corrections of the two

polymorphs at equilibrium. The Clapeyron (P–T) slope of

a reaction at any state is simply the ratio DS/DV at that

state.

The data summarized in Table 9 show that the computed

enthalpy changes of the phase transitions are comparable to

the experimental data and estimates found in the recent

literature. In the case of b/c transition the agreement with

the high-temperature drop-solution calorimetric datum of

Akaogi et al. (2007) is amazingly good, especially con-

sidering the fact that the transition enthalpy is *4.8 ppm

of the bulk energy of the two polymorphs at equilibrium.

We also note from the data in Table 9 that the frequency

scaling does not significantly affect the standard state

Gibbs free energy and enthalpy changes for the b/c tran-

sition, and its Clayperon slope, which are in good

agreement with the estimates of Akaogi et al. (2007). For

the the a/b transition our semiclassical standard state DG is

close to the optimized value of Saxena et al. (1993), but the

Clapeyron slope is more consistent with the data of Akaogi

et al. (2007).

Comparison of the calculated equilibrium boundaries

with the experimental data shows a discrepancy of *2 GPa

for the a/b (Fig. 15a) and *4 GPa for the b/c transitions

(Fig. 15b).

The problem lies with the fact that, as already noted, the

ab initio calculations somewhat overestimate the volumes

of the phases. The failure of ab initio procedure to yield

accurate volumetric data is a well known problem. Vol-

umes for the calculation of a/b and b/c transformations that

are consistent with the semiclassical thermo-chemical and

thermo-physical properties have been calculated by an

optimization routine such that the net deviation of the

calculated boundaries from the experimental data on phase

transformation is minimized. For this purpose, we used the

well known optimization program MINUIT (James and

Roos 1977) and the experimental data from the following

sources: Katsura and Ito (1989), Boehler and Chopelas

Table 9 Changes of

thermodynamic properties for

polymorphic transitions of

Mg2SiO4

Computed results are compared

with other current estimates.

Values in brackets are retrieved

by graphical interpolation of the

data in the refereed work

Parameter a/b Transition b/c Transtition Notes

DV (J/bar) -0.326 -0.150 This work

-0.350 -0.1235 This work; DV optimized

-0.316 -0.102 Akaogi et al. (2007)

-0.313 -0.089 Saxena et al. (1993)

-0.332 -0.080 Jacobs et al. (2006)

DS (J/[mole 9 K]) -6.790 -5.479 This work

-6.798 -5.601 This work; scaled x

-7.7 ± 0.4 -3.7 ± 0.6 Akaogi et al. (2007)

-1.110 -4.000 Saxena et al. (1993)

-1.040 -4.800 Jacobs et al. (2006)

DH (kJ/mole) 33.649 12.442 This work

33.592 12.429 This work; scaled x

27.2 ± 3.6 12.9 ± 3.3 Akaogi et al. (2007)

32.1 8.8 Saxena et al. (1993)

(29.1) (7.6) Jacobs et al. (2006)

DG (kJ/mole) 35.611 14.029 This work

35.619 14.099 This work; scaled x

29.5 ± 3.6 14.0 ± 3.3 Akaogi et al. (2007)

32.4 9.992 Saxena et al. (1993)

(29.4) (9.03) Jacobs et al. (2006)

Slope (MPa/K) 2.080 3.643 This work

1.965 4.401 This work; DV optimized

1.968 4.499 This work; optimized DV and scaled x

2.436 3.627 Akaogi et al. (2007)

3.55 4.494 Saxena et al. (1993)

3.2 6 Jacobs et al. (2006)
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(1991), Fei and Bertkha (1999) for the a/b transition

(equilibrium a) and the data of Inoue et al. (2006) for the b/

c transition (equilibrium b) and imposing all the relevant

semiclassical thermodynamic parameters obtained in this

study but volumes. Volumes were treated as independent

variables bracketed by the ranges of uncertainty in exper-

iments and estimates (Tables 1, 2, 3). A contouring

procedure indicated that the problem was well behaved

with centred minima and the absence of relative minima.

The routine returned the following values Va = 4.4372 J/

bar; Vb = 4.0869 J/bar; Vc = 3.9634 J/bar, which when

applied in a direct way in conjunction with our semiclas-

sical parameters generate the phase boundaries illustrated

in Fig. 15. We may note that, while the optimised volume

of ringwoodite is practically identical to the datum of

Katsura and Ito (1989) (Table 3), the optimised volumes

of forsterite and wadsleyite exceed the upper limits of

experimental data (Tables 1, 2). The difference between

the ab initio volumes and optimised ones is roughly con-

stant and averages 5 9 10-2 J/bar, i.e. at the same level as

the zero point contribution to static volumes.

We stress again that, although volume refinement is a

necessary step, frequency scaling is unnecessary for the

purpose of calculation of reliable univariant equilibria at

high P conditions. Indeed, if we adopt the raw ab initio

thermodynamic data (no scaling) and the optimized vol-

umes, the Clapeyron boundaries are shifted upward of

roughly ?32 K for the b ? c transition and downward of

-14 K for the a ? b and the slopes are virtually unaf-

fected. Scaling of frequencies is, however, needed to obtain

accurate entropy and heat capacity values of the individual

phases.

Summary and conclusions

The thermophysical calculations carried out in this study

using all-electron B3LYP energies show that the adoption

of expanded basis sets, and appropriate sampling grids

yield values of the vibrational thermodynamic properties of

phases, namely CP and S, and enthalpy and Gibbs free

energy changes of reactions that could be sufficiently

accurate for the purpose of subsolidus phase equilibrium

calculations of minerals in the Earth’s Mantle. Ab initio

volumes are overestimated (by around 2.5%) and require

readjustement on the basis of phase transition topology.

Scaling of frequencies yields estimates of entropy and heat

capacity of individual phases that are in very good agree-

ment with experimental data (Robie et al. 1978; Akaogi

et al. (2007), but is unnecessary in the calculation of phase

boundaries. In the absence of reliable experimental data,

the computational approach outlined in this study may be

fruitfully adopted to fill the gap of knowledge concerning

the topology of phase diagrams.

The thermo-chemical and thermo-physical properties of

the Mg2SiO4 polymorphs and the DH and DG values of the

polymorphic transitions at 1 bar, 298 K, as deduced in this

study, are summarized in Table 8. Work is currently in

progress to apply the present approach to calculate the

thermodynamic properties of anhydrous phase B, stishovite

and other mantle phases. Ultimately the thermo-chemical

and thermo-physical data for mantle minerals would need

to be optimized using selected high quality data from those

Fig. 15 a The univariant equilibrium between a and b polymorphts

in the P–T space. Results of semiclassical calculations are compared

with experimental data. Agreement with experiments is obtained by

scaling the standard state volumes of the a and b polymorphs,

respectively, to 4.4 and 4.05 J/bar. b The univariant equilibrium

between b and c polymorphts in the P–T space. Results of present

calculations are compared with experimental observations.

Agreement with experiments is obtained by scaling the standard

state volumes of the b and c polymorphs, respectively, to 4.05 and

3.925 J/bar
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available in the literature on ab initio, or semiclassical, and

calorimetric properties and phase equilibrium relations in

order to develop an internally consistent data base that

reproduce, within errors, well calibrated experimental

reaction boundaries of the mantle minerals.
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Appendix A

Basis set

The all-electron Gaussian-type basis set adopted is a 8–

511G(d) for magnesium (Pascale et al. 2005), a 88-31G(d)

set for silicon and a 8-411G(d) set for oxygen (Nada et al.

1996). Orbital exponents and contraction coefficients of

each shell type are reported in Table S6 (supplementary

material).

Effect of the grid for DFT numerical integration

The density functional theory (DFT) exchange-correlation

contribution is evaluated by numerical integration over the

cell volume (Pascale 2004). Radial and angular points of

the atomic grid were generated through Gauss–Legendre

and Lebedev quadrature schemes. Grid pruning has been

applied, as discussed by Pascale et al. (2004), that contains

M radial points and a variable number of angular points,

with a maximum of N points on the Lebedev surface in the

most accurate integration region. This is henceforth refer-

red to as (M, N)p.

A preliminary investigation of the effect of the grid for

DFT numerical integration on the static and vibrational

features of c-Mg2SiO4, while keeping the structural param-

eters constant, indicate a negligible overall effect on the

computed energies [Table S7(supplementary material)].

Increasing the number of maximum angular points in the

region relevant for chemical bonding from 434 to 594,

while keeping constant the number of radial points (75),

the zero point energy decreases *2 9 10-3 hartree, but

this decrease is counterbalanced by a similar increase in the

total electronic energy of the substance. A further increase

of the size of the grid to (99,1280)p has no practical effects.

Overall, the net results in terms of static energy on a gram

formula weight basis is an increase of 0.45 kJ/mol when

passing from the grid (75,434)p to the grid (75,594)p and a

further increase of 0.04 kJ/mol when passing from this grid

to the grid (99,594)p. Since, we want to calculate later the

properties of anhydrous phase-B in an internally consistent

way (for reasons discussed in the Introduction), and it is

particularly demanding in terms of computational costs, we

adopted the grid (75,434)p for all calculations. It should be

noted that, in any case, the pruned (75,434)p grid spans the

radial range as proposed by Gill et al. (1993) with five

shells having different angular points. Due to a larger

number of radial points and less aggressive pruning, this

grid gives more accurate results than the default grid of

CRYSTAL (Dovesi et al. 2006).
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