Geosciences 567: Chapter 7 (RMR/GZ)

CHAPTER 7: THE GENERALIZED INVERSE AND
MEASURES OF QUALITY

7.1 Introduction
Thus far we have used the shifted eigenvalue problem to do singular-value decomposition
for the system of equations Gm = d. That is, we have

G = U A VT (6.60)
NxXM NXNNXM MxM

and also

G =U A VI (6.69)
NxXM NxP PxXP PxM

where U is an N X N orthogonal matrix, and where the ith column is given by the ith eigenvector
u; which satisfies

GGTy; = n%ui (6.29)

V is an M X M orthogonal matrix, where the ith column is given by the ith eigenvector v; which
satisfies

GTGv; = 112v;. (6.21)

Aisan N x M diagonal matrix with the singular values A, = \/7712 along the diagonal. Up, Ap,

and Vp are the subsets of U, A, and V, respectively, associated with the P nonzero singular
values, P < min(N, M).

We found four classes of problems for Gm = d based on P, N, M:
Class I: P =N = M; G- (mathematical) exists.
Class II: P = M < N; least squares. Recall m g = [GTG]-1GTd.

Class III: P =N < M; Minimum Length. Recall my = <m> + GT[GGT[-!
X [d - G<m>].
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Class IV: P < min(N, M); at present, we have no way of obtaining an me®st.
Thus, in this chapter we seek an inverse operator that has the following properties:
1. Reduces to G- when P=N =M.

2. Reduces to [GTG]-IGT when P =M < N (least squares).

3. Reduces to GT[GGT]-! when P = N < M (minimum length).

4, Exists when P < min(N, M).

In the following pages we will consider each of these classes of problems, beginning with
P =N=M (Class I). In this case,

G = U A VT (6.60)
NXN NXN NXN NXN
with
A 0 0
A 0 A, :
=\ . 0 (7.1)
0 0 A
Since P = N = M, there are no zero singular values and we have
M=h=-=Ay>0 (7.2)

In order to find an inverse operator based on Equation (6.60), we need to find the inverse
of a product of matrices. Applying the results from Equation (2.8) to Equation (6.60) above
gives

G 1 =[VT]-IA-1 UL (7.3)
We know A-! exists and is given by
/4, 0 -« 0
Lo w4
B .0 74
0 - 0 /4,
NXxXN

We now make use of the fact that both U and V are orthogonal matrices. The properties
of U and V that we wish to use are

[VI-1=V (7.5)
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and
U-1=UT (7.6)

Therefore

G'=V . O P=N=M (7.7)
NXN NXN NXN NXxXN

Equation (7.7) implies that G-1, the mathematical inverse of G, can be found using singular-
value decomposition when P =N = M.

What we need now is to find an operator for the other three classes of problems that will
reduce to the mathematical inverse G~! when it exists.

7.2 The Generalized Inverse Operator G‘g1

7.2.1 Background Information

We start out with three pieces of information:

1. G = UAVT (6.60)
2. G- = VA-IUT (when G-! exists) (7.8)
3. G= UpAPVITJ (singular-value decomposition) (6.69)

Then, by analogy with defining the inverse in Equation (7.7) above on the form of
Equation (6.60), we introduce the generalized inverse operator:

G'=V, A5 U (7.8)

g

MXN MxXP PXP PXN

and find out the consequences for our four cases. Menke points out that there may be many
generalized inverses, but Equation (7.8) is by far the most common generalized inverse.

722 ClassI: P=N=M

In this case, we have
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1. Vp=Vand Up=U.
2. Vo and Uy are empty.
We start with the definition of the generalized inverse operator in Equation (7.8):

G, = VrApUp (7.8)

But, since P = M we have

Vp=V (7.9)
Similarly, since P = N we have

Up=U (7.10)
Finally, since P = N = M, we have

Ap= A1 (7.11)
Therefore, combining Equations (7.8)—(7.11), we recover Equation (7.7)

G1=VA-IUT P=N=M (7.7)

the exact mathematical inverse. Thus, we have shown that the generalized inverse operator
reduces to the exact mathematical inverse in the case of P = N = M. Next we consider the case of
P=M<N.

723 ClassIl: P=M<N

This is the least squares environment where we have more observations than unknowns,
but where a unique solution exists. In this case, we have:

1. Vp=V
2. Vo is empty.
3. Uy exists.

Ultimately we wish to show that the generalized inverse operator reduces to the least squares
operator when P =M < N.
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The Role of GTG

Recall that the least squares operator, as defined in Equation (3.27), for example, is given
by

ms = [GTG]-!GTd (3.31)
We first consider GTG, using singular-value decomposition for G, obtaining
GTG = [UpApV} IT[UpApV} ] (7.12)

Recall that the transpose of the product of matrices is given by the product of the
transposes in the reverse order:

[AB]T = BTAT
Therefore
GTG = [VI ITATUL, UpApV} (7.13)
or
GTG = VpApU}, UpApV}, (7.14)
since
AL =Ap (7.15)
and
[VE1T=Vp (7.16)

We know, however, that Up is a semiorthogonal matrix. Thus
Ul Up=1Ip (7.17)
Therefore, Equation (7.14) reduces to

GTG = VPAPAPVIT) (7.18)

Now, consider the product of Ap with itself
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A 0 - 0|4 0 - 0
T o 4, :
pAp= ol : 0 (7.19)
0 0 A,]| 0 0 4,
or
A0 0
0 A :
ApAy =| | 2 o =N, (7.20)
0 - 0 A,

where we have introduced the notation AI% for the product of Ap with itself.

Please be aware, as noted before, that the notation A2, when A is a matrix, has no
universally accepted definition. We will use the definition implied by Equation (7.20). Finally,
then, we write Equation (7.18) as

GG = Vp A; V) (7.21)
MxXM MXP PXP PxXM

Finding the Inverse of GTG

I claim that GTG has a mathematical inverse [GTG]-! when P = M. The reason that
[GTG]! exists in this case is that GTG has the following eigenvalue problem:

GTGv; = 173, i=1,...,M (6.21)

where, because P = M, we know that all M rﬁare nonzero. That is, GTG has no zero
eigenvalues. Thus, it has a mathematical inverse.

Using the theorem presented earlier about the inverse of a product of matrices in
Equations (2.8), we have
[GTGI! = [V} IP[AZ]1 VS (7.22)

The inverse of V1T3 is found as follows. First,
is always true because Vp is semiorthogonal. But, because we have that P = M in this case, we

also have
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VpVE =1y
Thus, Vp is itself an orthogonal matrix, and we have
VR =Vp
and
V‘P1 =V}
Thus, we can write Equation (7.22) as
[GTGI! = Vp[AZ]1V

Finally, we note that [AI%]—1 is given by

VA 0 -« 0
0 1/A4 :
AZ —IZA—ZZ 2
[A%] p : 0
0 e 0 1A

Therefore
[GTGI! = VpAR V],

where A‘P2 is as defined in Equation (7.28).

Equivalence of ngl and Least Squares When P =M < N

We start with the least squares operator, from Equation (3.28), for example

Gl = [GTGI-!GT

(7.24)

(7.25)

(7.26)

(7.27)

(7.28)

(7.29)

(3.32)

We can use Equation (7.29) for [GTG]! in Equation (3.32) and singular-value decomposition for

GT to obtain
[GTGI'GT = VpARVL [UpApVE T
= VpA2ZVE VpApU}

But, because Vp is semiorthogonal, we have from Equation (7.23)
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ViVp=1Ip (7.23)
Thus, Equation (7.31) becomes
[GTGI'GT = VpA2ApUL (7.32)
Now, considering Equations (7.20) and (7.21), we see that
A‘PQAP = A‘Pl (7.33)
Finally, then, Equation (7.32) becomes
[GTGI'GT = VpA U} = G‘g1 (7.34)

as required. That is, we have shown that when P = M < N, the generalized inverse operator is
equivalent to the least squares operator.

Geometrical Interpretation of G‘g1 When P=M < N

It is possible to gain some insight into the generalized inverse operator by considering a
geometrical argument. An arbitrary data vector d may have components in both Up and U,

spaces. The generalized inverse operator returns a solution my, for which the predicted data lies
completely in Up space and minimizes the misfit to the observed data. The steps necessary to
see this follow:

Step 1. Let mg be the generalized inverse solution, given by

mg = G‘gl d (7.35)
Step 2. Let d be the predicted data, given by
d = Gm, (7.36)
We now introduce the following theorem about the relationship of the predicted data to
Up space
Theorem: d lies completely in Up-space (the subset of N-space spanned by
the P eigenvectors in Up).
Proof: If d lies in Up-space, it is orthogonal to Uy-space. That is,
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UT d = UT Gm, = UT UpApVEm, (7.37)
= 0
(N-P)x1
which follows from
Ul Up=0 (7.38)

That is, every eigenvector in Uy is perpendicular to every eigenvector in Up.
Another way to see this is that all of the eigenvectors in U are perpendicular to
each other. Thus, any subset of U is perpendicular to the rest of U. Q.E.D.

Step 3. Letd - d be the residual data vector (i.e., observed — predicted data, also known as the
misfit vector), given by

d-d=d-Gm,
:d—G[G—gld]
=d—GG—g1d

=d - [UpApVII[VpALUTd
:: d-UpULd (7.39)
We cannot further reduce Equation (7.39) whenever P < N because in this case
UpUL = Iy

Next, we introduce a theorem about the relationship between the misfit vector and Uy

space.
Theorem: The misfit vector d — d is orthogonal to Up.
Proof: UT[d-d]=UT[d-UpUTd]

=ULd-UlUpULd

=UTd-UTd
- 0 QE. 1’3 (7.40)
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Px1

The crucial step in going from the second to third lines being that UIT)UP = Ip since Up
is semiorthogonal. This implies that the misfit vector d — d lies completely in the
space spanned by Uy

Combining the results from the above two theorems, we introduce the final

theorem of this section concerning the relationship between the predicted data and the
misfit vector.

Theorem: The predicted data vector d is perpendicular to the misfit vector
d-d.
Proof: 1. The predicted data vector d lies in Up space.
2. The misfit vector d — d lies in Uy space.
3. Sincg the vectors in Up are perpendicular to the vectors in
Uy, d is perpendicular to the misfit vectord — d . Q.E.D.

Step 4. Consider the following schematic graph showing the relationship between the various
vectors and spaces:

U, -space

4—-d-d

N
d=Gmg

UP -space
The data vector d has components in both Up and Uj spaces. Note the following

points:

1.  The predicted data vector d= Gm, lies completely in Up space.

2. The residual vector d — d lies completely in Uy space.
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3. The shortest distance from the observed data d to the Up axis is given by
the misfit vector d — d.

Thus the generalized inverse G7! minimizes the distance between the observed data
vector d and Up, the subset of data space in which all possible predicted data d must
lie.

Recall that the least squares operator given in Equation (3.32)
G =[GTGI-IGT (3.32)

minimizes the length of the misfit vector. Thus, the generalized inverse operator is
equivalent to the least squares operator when P =M < N.

For P = M < N, it is possible to write the generalized inverse without forming Up. To
see this, note that the generalized inverse is equivalent to least squares for P = M < N.
That is,
G-gl = [GTG]-IGT (7.41)
But, by Equation (7.28), [GTG]-! is given by
[GTG]! = VpAREV} (7.27)
Thus, the generalized inverse in this case is given by
G, =[GTGI'GT=VpALV, GT (7.42)
Equation (7.42) shows that the generalized inverse can be found without ever forming
Up when P =M < N. In general, this shortcut is not used, even though you can form the
inverse, because there is useful information lost about data space.

Finally, recall the compatibility equations given by

uld = 0 (6.78)
(N-P)x 1

Note that if the observed data d has any projection in Uy space, is not possible to find a

solution m that can fit the data exactly. All estimates m lead to predicted data Gm that
lie in Up space. Thus, from the graph above, one sees that if the observed data, d, lies

completely in Up space, the compatibility equations are automatically satisfied.
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724 ClassIIl: P=N<M

This is the minimum length environment where we have more model parameters than
observations. There are an infinite number of possible solutions that can fit the data exactly.
Recall that the minimum length solution is the one that has the shortest length. Ultimately we
wish to show that the generalized inverse operator reduces to the minimum length operator when
P=N<M.

For P =N < M we have
1. Up=U
2. Up is empty.

3. Vo is not empty.

The Role of GGT

Recall that the minimum length operator, as defined in Equation (3.75), is given by
Gyt = GT[GGT]! (3.75)

We seek, thus, to show that G7! = GT[GGT]-! in this case. First consider writing GGT using
singular-value decomposition:

GGT=UpApVH[UpApVHIT
=UpApV}, VpApUTL

= UpA3U}, (7.43)

Finding the Inverse of GGT

Note that GGT is N X N and P = N. This implies that [GGT]-!, the mathematical inverse
of GGT, exists. Again using the theorem stated in Equation (2.8) about the inverse of a product
of matrices, we have

[GGTI! = [UF-I[AZ]1U5!
=UpA7U} P=N (7.44)

Then
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GT[GGTI! = [UpApV}ITUpAZU}
= VpApUL, UpA AU}
= VpApA U}
=VpA U}
= G—gl

as required.

Fitting the Data Exactly When P =N <M

As before, let the generalized inverse solution mg be given by

mg=G‘g1d

Then the predicted data d is given by

= UpApVE VpAUTd
= UpULd
=d

since UpU}, = Iy whenever P = N.

(7.45)

(7.35)

(7.36)

(7.46)

Thus, one can fit the data exactly whenever P = N. The reason is that Uy is empty when

P = N. That is, Up is equal to U space.
The Generalized Inverse Solution mg Lies in Vp Space

The generalized inverse solution my is given by

mg=G‘g1d
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and is a vector in model space. It lies completely in Vp space. The way to see this is to take the
dot product of mg with the eigenvectors in Vy. If m, has no projection in V space, then it lies
completely in Vp space.

Thus,
ngg = VE G‘gld
= Vg VPA‘PlUIT)d

= 0 (7.47)
M-P)x1

since ViVp =0.

Nonuniqueness of the Solution When P =N <M

The solution to Gm = d is nonunique because V exists when P < M. Let the general
solution m to Gm = d be given by

M
& 7.48
m=m,+ ) v, (7.48)
i=P+1
That is, the general solution is given by the generalized inverse solution m, plus a linear

combination of the eigenvectors in V( space, where ¢; are constants. The predicted data for the
general case is given by

M
Gm=Gm_+ ) «a. v,
{ ¢ i;rll l} (7.49)

=Gm, + f‘,% Gv,

i=P+1
When G operates on a vector in V() space, however, it returns a zero vector. That is,
GVy= UPAPVITJVO
- 0 (7.50)
NX (M- P)

which follows from the fact that the eigenvectors in Vp are perpendicular to the eigenvectors in
Vo. Thus,

G =Gm, +0

=d (7.51)
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Now, consider the length squared of m

' e 752

i=P+1

m

which follows from the fact that [Vl']TVj = Jj.
[0 [ = [jmg|]? (7.53)
That is, mg, the generalized inverse solution, is the smallest of all possible solutions to Gm = d.

This is precisely what was stated at the beginning of this section: the generalized inverse
solution is equivalent to the minimum length solution when P =N < M.

It is Possible to Write G‘g1 Without Vp When P =N <M

To see this, we write the generalized inverse operator as the minimum length operator
and use singular-value decomposition. That is,

G = GT[GGTT!
= GTUpA 2UT (7.54)

Typically, this shortcut is not used because knowledge of Vp space is useful in the interpretation
of the results.

7.2.5 Class IV: P <min(N, M)

This is the class of problems for which neither least squares nor minimum length
operators exist. That is, the least squares operator

GLs = [GTG]IGT (3.32)
does not exist because [GTG]-! exists only when P = M. Similarly, the minimum length operator
Gy = GT[GGT]-! (3.75)
does not exist because [GGT]-! exists only when P = N.
For P < min(N, M) we have

1. V) is not empty.
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2. Up is not empty.

In this environment the solution is both nonunique (because V) exists), and it is impossible to fit
the data exactly unless the compatibility equations (Equations 6.69) are satisfied. That is, it is
impossible to fit the data exactly unless the data have no projection onto U space.

The generalized inverse operator cannot be further reduced and is given by Equation (7.8)
G, =VpA,Up (7.8)

The generalized inverse operator G- simultaneously minimizes the misfit vector d — d in data
space and the solution length ||m,||? in model space.

In summary, in this section we have shown that the generalized inverse operator G‘g1
reduces to

1. The exact inverse when P =N =M.
2. The least squares inverse [GTG]-!GT when P = M < N.
3. The minimum length inverse GT[GGT]-1 when P=N < M.

Since we have shown that the generalized inverse is equivalent to the exact, least squares,
and minimum length operators when they exist, it is worth comparing the way the solution mg is
written. In the least squares or unique inverse environment for example, we would then write

m, =G d (7.55)
but in the minimum length environment we would write

mg = <m> + G—gl [d - G<m>] (7.56)

which explicitly includes a dependence on the prior estimate <m>. It is somewhat disconcerting
to have to carry around two forms of the solution for the generalized inverse. Consider what
happens, however if we use Equation (7.56) for the unique or least squares environment. Then
mg = <m> + G‘g1 [d — G<m>]
=<m>+ G d- G G<m>
=G, d+[Iy -G Gl<m> (7.57)

For the unique inverse environment, G7! G = I,;, and hence Equation (7.57) reduces to
Equation (7.55). For the least squares environmeént, we have

G‘g1 G = [GTG]'IGTG =1, (7.58)
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and hence Equation (7.57) again reduces to Equation (7.55). The unique inverse and least
squares environments thus have no dependence on <m>. Equation (7.56), however, is true for
the generalized inverse in all environments and is thus adopted as the general form of the
generalized inverse solution mg.

In the next section we will introduce measures of the quality of the generalized inverse
operator. These will include the model resolution matrix R, the data resolution matrix N (also
called the data information density matrix), and the unit (model) covariance matrix [cov, m].

7.3 Measures of Quality for the Generalized Inverse

7.3.1 Introduction

In this section three measures of quality for the generalized inverse will be considered.
They are

1. The M x M model resolution matrix R
2. The N x N data resolution matrix N
3. The M x M unit covariance matrix [cov, m]

The model resolution matrix R measures the ability of the inverse operator to uniquely determine
the estimated model parameters. The data resolution matrix N measures the ability of the inverse
operator to uniquely determine the data. This is equivalent to describing the importance, or
independent information, provided by the data. The two resolution matrices depend upon the
partitioning of model and data spaces into Vp, V, and Up, Uy spaces, respectively. Finally, the
unit covariance matrix [covy, m] is a measure of how uncorrelated noise with unit variance in the
data is mapped into uncertainties in the estimated model parameters.

7.3.2 The Model Resolution Matrix R

Imagine for the moment that there is some “true” solution mtt® that exactly satisfies
Gm'e =d (7.59)

In any inversion, we estimate this true solution with m®t :

mest= Gzl d (7.60)

where Gzl is some inverse operator. It is then possible to ask how mest compares to mtrue,
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Specifically considering the generalized inverse, we start with Equation (7.61) and
replace d with Gm'¢, obtaining

m, = G‘gletrue (7.61)
The model resolution matrix R is then defined as
R= G‘glG (7.62)

where R is an M X M symmetric matrix.

If R = I, then mest = mte, and we say that all of the model parameters are perfectly
resolved, or equivalently that all of the model parameters are uniquely determined. If R # I,
then mest is some weighted average of m'™e,

Consider the kth element of m®st, denoted m *', given by the product of the kth row of R
and mtue;

true

m™ =|__kthrowof R (7.63)

The rows of R can thus be seen as “windows,” or filters, through which the true solution is
viewed. For example, suppose that the kth row of R is given by

Rk:[0,0,...,O,ﬂl,O,...,0,0] (7.64)
kth column
We see that
m St = 0mive + -+ 0my"s + Im ™M + Omjf¥y + - + Of1e (7.65)
or simply
mgt =me (7.66)

In this case we say that the kth model parameter is perfectly resolved, or uniquely determined.
Suppose, however, that the kth row of R were given by

R;=10,...,0,0.1,0.3,0.8,04,0.2,...,0] (7.67)
]
kth column

Then the kth estimated model parameter m ' is given by

Mt = 0.1miS +0.3me +0.8m T + 0.4mie + 0.2mis (7.68)
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Or, m ™! is a weighted average of several terms in m'™¢, In the case just considered, it depends
most heavily (0.8) on m [, but it also depends on other components of the true solution. We
say, then, that m £ is not perfectly resolved in this case. The closer the row of R is to the row of
an identity matrix, the better the resolution.

From the above discussion, it is clear that model resolution may be considered element by
element. If R = I, then all elements are perfectly resolved. If a single row of R is equal to the
corresponding row of the identity matrix, then the associated model parameter estimate is
perfectly resolved.

Finally, we can rewrite Equation (7.57) as

m, = G‘gl d + [I - Rl<xm> (7.69)

Some Properties of R

1. R=V,V} (7.70)
Using singular-value decomposition on Equation (7.62), R can be written as
R = {VpAR UL H{UpApVT] }
= VPA_[}APV;
=VpV} (7.71)
In general, VpVIT3 # 1. However, if P =M, then Vp =V, and Vj is empty. In this case,
R=VpV] =VVT =1y (7.72)

since V is an orthogonal matrix. Thus, the condition for perfect model resolution is that
Vo be empty, or equivalently that P = M.

M
2. Trace (R) = Zrﬁ = P, the number of nonzero singular values
i=1

Proof: If R =1,,, then P = M and trace (R) = M.

For the general case, it is possible to write R as the product of the following three
partitioned matrices:
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ol

0|V,
(7.73)
_y| L] 0y
0 0
— VAVT

where no part of V actually contributes to R because of the extra zeros in A.

The trace of A is equal to P. Note, however, that matrix A has been obtained from R
by an orthogonal transformation because V is an orthogonal matrix. Thus, by
Equation (2.43), which states that the trace of a matrix is unchanged by an orthogonal
transformation, we conclude that trace R = P, as required. Q.E.D.

Trace (R) = P implies that G has enough information to uniquely resolve P aspects of the
solution. These aspects are, in fact, the P directions in model space given by the
eigenvectors v; in Vp. Whenever a row of R is equal to a row of the identity matrix I,

then no part of the associated model parameter m; falls in V space (i.e., it all falls in Vp

space) and that model parameter is perfectly resolved. When R is not equal to the
identity matrix I, some part of the problem is not perfectly resolved. Sometimes this is
acceptable and other times it is not, depending on the problem. Forming new model
parameters as linear combinations of the old model parameters is one way to reduce the
nonuniqueness of the problem. One way to do this is to form new model parameters by
using the eigenvectors v; to define the linear combinations. Suppose that v;, i < p, is
given by

vi=(1 /MO, 1,1, ., 17 (7.74)

This tells us that the average of all the model parameters is resolved, even if the
individual model parameters may not be. If we defined a new model parameter as the
average of all the old model parameters, it would be perfectly resolved.

If, as is often the case, G represents some kind of an averaging function, you can attempt
to reduce the nonuniqueness of the problem by forming new model parameters that are
the sum or average of a subset of the old ones, even without using the full information in
Vp. If the model parameters are discretized versions of a continuous function, such as
velocity or density versus depth, you may be able to improve the resolution by combining
layers. A rule of thumb in this case is to sum the entries along the diagonal of the
resolution matrix R until you get close to one. At this point, your system is able to
resolve one aspect of the solution uniquely. You can try forming a new model parameter
as the average of the layer velocities or densities up to this point. Depending on the
details of G, you may have perfect resolution of this average of the old model parameters.
Depending on the problem, it may be more useful to uniquely know the average of the
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model parameters over some depth range than it is to have nonunique estimates of the
values over the same range.

i Ji

M M . .

Z 72 = Z 2 — . — importance” of ith model parameter
i i T

i=1 j=

~

If r;; = 1, then the ith model parameter is uniquely resolved, and it is thus said to be very
important. If, on the other hand, r;; is very small, then the parameter is poorly resolved
and is said to be not very important.

If we further note that R can be written as
R=|r, r, - 1, (7.75)

where r; is the ith column of R, then the estimated solution mg from (7.61) can be written
as
mg — Rmtrue

=rymp +rymy+..+Irymy (776)

where m; is the ith component of m™e which follows from (2.23)—(2.30). That is, the

estimated solution vector can also be thought of as the weighted sum of the columns of R,
with the weighting factors being given by the true solution.

The length squared of each column of R can then be thought of as the importance of m; in
the solution. The length squared of r; is given by
M
) =30 =, a7

J=1

Thus, the diagonal entries in R give the importance of each model parameter for the
problem.
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We will return to the model resolution matrix R later to show how the generalized inverse
is the inverse operator that minimizes the difference between R = G‘glG and I, in the least
squares sense, and when we discuss the trade-off between resolution and variance.

7.3.3 The Data Resolution Matrix N

Consider the development of the data resolution matrix N, which follows closely that of
the model resolution matrix R. The estimated solution, for any inverse operator Gz, is given
by

mest= Gzl d (7.78)
The predicted data, &, for this estimated solution are given by

d = Gmest (7.79)

Replacing mest in (7.79) with (7.78) gives
d=GG;ld=Nd (7.80)

where N is an N X N matrix called the data resolution matrix.
A Specific Example
As a specific example, consider the generalized inverse operator G‘gl. Then N is given by
N=GG} (7.81)

If N = Iy, then the predicted data d equal the observed data d, and the observed data can be fit
exactly. If N # I, then the predicted data are some weighted average of the observed data d.

Consider the kth element of the predicted data d k

c?k = kth row of N (7.82)

dN

The rows of N are “windows” through which the observed data are viewed. If the kth row of N
has a 1 in the kth column and zeroes elsewhere, the kth observation is perfectly resolved. We
also say that the kth observation, in this case, provides completely independent information. For
this reason, N is sometimes also referred to as the data information density matrix. Equation
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(7.82) shows that the kth predicted datum is a weighted average of all of the observations, with
the weighting given by the entries in the kth row of N. If the kth row of N has many nonzero
elements, then the kth predicted observation depends on the true value of many of the
observations, and not just on the kth. The data resolution of the kth observation, then, is said to
be poor.

Some Properties of N for the Generalized Inverse

1. N= GG‘g1 =UpU} (7.83)
Using singular-value decomposition, we have that
N= GG‘g1 = UpApV} VpA‘PlUIT3
= UpU}, (7.84)
since VEVp =1 (Vp is semiorthogonal) and ApA7=1.

In general, UpU; # Iy. However, if P = N, then Up = U, and Uy is empty. Then, N =
UpUIT, = UUT =1y, since U is itself an orthogonal matrix. Thus, the condition for perfect
data resolution is that Uy be empty, or that P = N.

2. trace (N) =P (7.85)

The proof follows that of trace (R) = P:

I, 0| U}
_ T _ P
N=U,Ul = [UP|UO]{ . 0}{{}—5} (7.86)
and
I, 0
trace =P Q.E.D. (7.87)
0 0
If, for example,
nip+ny =1 (7.88)

one might choose to form a new observation di as a linear combination of d; and d5,
given in the simplest case by

di = dl + d2 (7.89)
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The actual linear combination of the two observations that is resolved depends on the
eigenvectors in Up, or equivalently upon the structure of the data resolution matrix N. In

any case, the new observation d’ could provide essentially independent information and
could be a way to reduce the computational effort of the inverse problem by reducing N.
In many cases, however, the benefit of being able to average out data errors over the
observations is more important than any computational savings that might come from
combining observations.

N
n, = z n> =n, = “importance” of the ith observation (7.90)

1 Jj=1

M=

~.
Il

That is, the sum of squares of the entries in a row (or column, since N is symmetric) of N
is equal to the diagonal entry in that row. Thus, as the diagonal entry gets large (close to
one), the other entries in that row must become small. As the importance of a particular
datum becomes large, the dependence of the predicted datum on other observations must
become small.

If we further note that we can write N as
N={n, n, - ny (7.91)

where n; is the ith column of N, then the predicted data d from (7.80) can be written as

~

d =Nd
= nldl + n2d2 + -+ l‘lNdN (792)
where d; is the ith component of d. Equation (7.92) follows from (2.23)—(2.30). That is,
the predicted data vector can also be thought of as the weighted sum of the columns of N,

with the weighting factors being given by the actual observations.

The length squared of each column of N can then be thought of as the importance of d; in
the solution. The length squared of n; is given by

N
In| = Z:,n,z =n, (7.93)
=

Thus, the diagonal entries in N give the importance of each observation in the solution.
It can also be shown that the generalized inverse operator G7! = VPA_[}U}; minimizes the

difference between N and Iy. Let us now turn our attention to another measure of quality for the
generalized inverse, the unit covariance matrix [cov, m].
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7.3.4 The Unit (Model) Covariance Matrix [cov, m]

Any errors (noise) in the data will be mapped into errors in the estimates of the model

parameters. The mapping was first considered in Section 3.7 of Chapter 3. We will now
reconsider it from the generalized inverse viewpoint.

Let the error (noise) in the data d be Ad. Then the error in the model parameters due to

Ad is given by

Step 1.

Step 2.

Step 3.

Am = G-glAd (7.94)

Recall from Equation (2.59) that the N x N data covariance matrix [cov d] is given by

[covd] = ﬁimﬁ laa’ ] (7.95)

i=1

where k is the number of experiments, and i is the experiment number. The diagonal
terms are the data variances and the off-diagonal terms are the covariances.

The data covariance is also written as <AdAdT>, where < > denotes averaging.

We seek, then, a model covariance matrix <AmAmT> = [cov m].

<Am AmT> = <G-gl Ad[G—gl Ad]T>

= <G—glAd AdT[G—gl]T> (7.96)
G ‘gl is not changing with each experiment, so we can take it outside the averaging,
implying
<Am AmT > = G—g1 <Ad AdT> [G—g1 T
or
[covm] =G} [covd] [G} T (7.97)

The above derivation provides some of the logic behind Equation (2.63), which was
introduced in Chapter 2 as magic.

Finally, define a unit (model) covariance matrix [covy, m] by assuming that [cov d] =
Iy, that is, by assuming that all the data variances are equal to 1 and the covariances are
all O (uncorrelated data errors). Then
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[cov, m] = G‘gl [cov d][G‘g1 T

= G‘gl [G‘gl T (7.98)

Some Properties of [covy m]

1. Using singular-value decomposition, we can write the unit model covariance matrix as

[covym] =G [G 1T
=VpARUL [Vp ARULTT

= Vp AZUT Up ALVTE
=Vp ARV}, (7.99)

This emphasizes the importance of the size of the singular values 4; in determining the
model parameter variances. As 4; gets small, the entries in [covy m] tend to get big
(implying large model parameter estimate variances) due to the terms in 1/42

Consider the kth diagonal entry in [covy, m], [covy m]g, where

1/ A o - 0 |- v/
0 1/ 12 : R
[cov.m]=|v, v, -~ v,| . S V2 (7.100)
0 e 0 VA v,

If we multiply out the first two matrices, we can then identify the kk entry in [covy m] as
the product of the kth row times the kth column of the resulting matrices

B /112 . /ﬂé o /i; Vi Vi Vi
[cov,m],, =| - . S
kth rowg Val ki v A e vl A iz ];2 11:42
: : . v cee Y Y]
| Vant I vy, I o v //1;_ 1P kP P
kth column
e 7.101
=2 (7.101)
i A
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Thus, as A; gets small, [cov, m]i; will get large if vg; is not zero. Recall that vg; is the kth
component in the ith eigenvector v; in Vp. Thus, it is the combination of A; getting small,
and v; having a nonzero component in the kth row, that makes the variance for the kth
model parameter potentially very large.

Even if the data covariance is diagonal (i.e., all the observations have errors that are
uncorrelated), [covy, m] need not be diagonal. That is, the model parameter estimates
may well have nonzero covariances, even though the data have zero covariances.

For example, from Equation (7.101) above, we can see that

Vi
% Lyoy
[cov, m],, = [Vn /)“f Vi /ﬂ; o Vip /ﬂi ];2 = Zhﬂ—zkl (7.102)
. i=1 i
Vir

Note that the term in the above equation

P
ViV
2
27

i=1

is not the dot product of two columns of Vp. In fact, even if the numerator were the dot
product between columns (i.e., vi;vjx), the fact that every term is divided by /1% would
likely yield something other than 1. The numerator is the dot product of two rows of Vp
and is likely nonzero anyway.

Notice that [covy m] is a function of the forward problem as expressed in G, and not a
function of the actual data. Thus, it can be useful for experimental design.

7.3.5 A Closer Look at Stability

The unit model covariance matrix [cov,m] is very helpful in experiment design for
getting a sense of the basic stability of an inverse problem. And, the general rule of small
singular values leading to instability is certainly true. However, oversimplified analysis of
[cov,m] and the size of singular values can be very misleading.

First, what determines the size of singular values A4;? There are two main factors at work.

The first is simply the size of m and d. Consider the simple 1 X 1 forward problem:

Gm=d

(1.13)

where the expected (or reasonable) value of m is 5 widgets/hr and the expected (or reasonable)

value of d is $100. Then, clearly, the expected value of G is 20. If G were indeed 20, then
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trivially 4 = 20. Another way of looking at this is that, in some sense (and in every sense is this
1 X 1 case):

|G| - [m| =|d| (7.103)
and thus

G| = L) (7.104)

jmi

Thus one important control on the average size of singular values is simply the relative or
average size of the values for data over the relative or average size of the values of the model
parameters. Now, consider what happens if we change units for our data to kilodollars. Then, in
this case, d = 0.1, and the numbers in G must change to reflect the new data units. By Equation
(7.2a), we would now expect |G| = 0.02 and of course 4= 0.02. Is this problem now inherently
more unstable? Not really. It would be if the sizes of the expected noise in d were unchanged
when we changed data units, but that would not make sense.

The second factor that determines the size of singular values is the degree to which
columns or rows of G are nearly parallel or dependent upon each other. Consider two2x2 G
matrices where the average value in both cases for singular values is about 2:

2.00  2.00 2.00 2.00
1.00 -2.00 2.00 2.05

For the first case, A; = 3.00 and A, = 2.00, while for the second case, 4; = 4.025 and 4, = 0.025.
In the first case, the columns or rows of G are at high angles to each other, while in the second
case, the rows or columns are at low angles to each other, or nearly parallel.

Thus, two factors control the size of singular values: (1) the ratio of the average size of
data to model parameters, and (2) the internal structure of G, specifically the degree to which
columns or rows of G are nearly parallel to one another. Or, more properly, the degree to which

any column or row of G can be nearly written as a linear combination of other columns or rows.

The crux of the stability question is whether small or reasonable or expected noise in the
data leads to acceptably small changes in the solution for the model parameters.

A blind application of [cov,m] can be very misleading. Inherent in [cov,m] is the
assumption that

[covd]=0 1=1 (7.106)

or that data variances all equal 1, and thus data standard deviations oy = 1. Is o; =1 “small,
reasonable, or expected”? In our original example where d = 100 it would represent very good
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data, with an expected noise level of 1, or 1%. However, for our second example with the
rescaled data of 0.1, it would represent 1000% error!

How do we know what the expected “noise” is in the solution? [cov,m] gives us this
information, and more. On the diagonal of [cov,m] we have the variances for the model
parameters. The [1, 1] entry in [cov,m] is O',i] , the variance for m;. Correspondingly, the
standard deviation of the error for m; is O, - Thus, in some inverse problem if we found a
solution of 50 for m; and O',i] =10, then o, = \/ﬁ =~ 3.3. That would mean our solution for m
could be expressed as

m; =50+3.3 (7.107)

This may or may not be an acceptable “noise” level in the solution. For example, if you
needed to know m; to £0.1% in order for your satellite to land on Mars rather than become a
Mars impactor or flyby, then knowing m; to £3.3 would clearly not be acceptable. Like so many
things, acceptable noise level is a problem-dependent question.

One way to look at the stability of an inverse problem is to see what a particular
percentage noise level in the data does to the expected noise level in the solution. You can look
at [cov d] to get the data noise level. For example, the ratio of that data standard deviation to the
expected or average data value

(7.108)
| d; |

can be expressed as a percentage. If O'dz,. =9, and |dj| = 20, then o, /|d, [=3/20 =15%.

Then, looking at model parameter stability, you can look at [cov m]. The ratio of the
model parameter standard deviation to the expected or derived model parameter value

! (7.109)

can also be expressed as a percentage. If 0'3[ =16, and |m)| = 50, then m,, /|m; |=4/50 =8%.
In this example, since a given percentage noise level in the data leads to a lower percentage noise
level in this model parameter, then this part of the problem is stable. Of course, you need to look
overalld;, i =1, N, and m;, j = 1, M to have a full discussion of stability.

What all of this implies is that if you know [cov d], you should include this information
throughout the inverse analysis. If you do not know [cov d], or just want a quick look at

stability, you can assume

[covd]=0 1=1 (7.106)
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and use [covym]. You can also scale [cov,m] for other choices of 0'3 . For example, [cov,m]
for the second G matrix example

2.00 2.00
G= (7.110)
2.00 2.05
is given by
820 -810
[cov, m]= (7.111)
—-810 800
If [cov d] is given by
0.01 0.00
[covd]= (7.112)
0.00 0.01
then
8.20 -8.10
[covm]= (7.113)
-8.10  8.00

where we have used [cov m] rather than [cov,m] because we are no longer assuming that [cov d]
=1

This example shows that the entries in [cov m] scale with the assumed uniform data
variance. You can calculate [cov,m] and then scale all entries by the assumed scaling factor for

the difference between realistic data variances and assumed unit data variances.

Yet another way to look at this is to go back to Equation (7.97) defining the model
covariance matrix:

[covm] =G [covd][G;']" (7.97)
If we assume that the data covariance matrix [cov d] is given by
[covd] =01 (7.1067.106)

then Equation (7.97) becomes

T

[covm]=02G;'[G;'] (7.114)
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For [cov,m] we assumed 0'3 =1, but we can get to [cov m] from [cov,m] by dividing all entries

in [cov,m] by o.

7.3.6 Combining R, N, [covy m]

Note that, in general, G, G‘g1 , R, N, and [covy m] can be written in terms of singular-
value decomposition as

l.  G= UpApV} (7.115)
2. G =VpA U (7.116)
3. R=G}G=VpV} (7.117)

N=GG, =UpU; (7.118)

5. [covy, m] = G‘g1 [Gg!T

= VPA‘pZVITa (7.119)

Casel: P=M=N
R= G‘g1 G =1, since G‘g1 =G-! (7.120)
N= GG‘g1 =GG-! =1y, since G‘g1 =G-! (7.121)
[covy, m] = G‘g1 [Gg!T
= VA-IUT[VA-1UT]T

= VA-IUTUA-IVT = VA-2VT (7.122)

Case ll: P=M < N (Least Squares)
G =VpA}UL=[GTGIIGT (7.123)

R= G‘g1 G=VpVL=VVT =1y since P=M (7.124)
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N= GG‘g1 = G{[GTG]"!GT} = (using SVD . . .) = UpU},
[covy, m] = G‘g1 [G‘gl]T
= [GTG]"'GT{[GTG]-|GT}T
= (using SVD .. .) = VpAZV},
Case IlI: P =N <M (Minimum Length)
G =VpAjUL =GT[GGT!
R=G G=G"GGT]"'G = (using SVD .. .) = VpV},
N = GG‘g1 = G{GT[GGT]-1} = (using SVD .. .) = UPU}; =UUT =1y
[covym] =G [G 1T
- GT[GGT]—l { GT[GGT]—l }T
= (using SVD ...) = VpARV]
Case IV: P <min(M, N) (General Case)

This is just the general case.

7.3.7 An Illustrative Example
Consider a system of equations Gm = d given by
1.00 1.00 | m, | |2.00
2.00 2.01|m,| |4.10

Doing singular-value decomposition, one finds
A1 =3.169

A, =0.00316
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I 0.446 —0.895 .
P 10.895  0.446 (7.134)
- 0.706 —0.709 13
P 10.709 0 0.706 (7.135)
. [1.0 00
R=V,V, = 00 1.0 =1, (7.136)
. [1.0 00
N=U,U, = 0.0 1.0 =1, (7.137)
G o 201 —100 13
€ 12200 100 (7.138)
G4 201 —10072.07 [-8.0 130
m = = = .
g e ~200 100 | 4.1] |10.0 ( )

Note that the solution has perfect model resolution (R = I, and hence the solution is unique) and
perfect data resolution (N = I, and hence the data can be fit exactly). Note also that P = N = M,
and the generalized inverse is, in fact, the unique mathematical inverse.

This solution is, however, essentially meaningless if the data contain even a small amount
of noise. To see this, consider the unit covariance matrix [cov, m] for this case:

T
P

0.0996 0
[cov, m]=G,'[G,']" =V,A}V, = V{ }

0 100,300.9

50,401  —50,200
—[ } (7.140)

| =50,200 50,000

These are very large covariances for m; and m,, which indicate that the solution, while unique
and fitting the data perfectly, is very unstable, or sensitive to noise in the data. For example,
suppose that d; is 4.0 instead of 4.1 (2.5% error). Then the generalized inverse solution my is

given by
B 201  -1002.0 2.0
m, =G, d= = (7.141)
—-200 100 | 4.0 0.0

That is, errors of less than a few percent in d result in errors on the order of several hundred
percent in my,. Whenever small changes in d result in large changes in mg, the problem is
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considered unstable. In this particular problem, if a solution is desired with a standard deviation
of order 0.1, then the data standard deviations must be less than about 5 X 104!

Another way of quantifying the instability of the inversion is with the condition number,
defined as

condition number = Anax / Amin (7.142)

For this particular problem, the condition number is approximately 1000, which indicates
considerable instability. The condition number, by itself, can be misleading. If a problem has
two singular values A; and A, with A4; = 1,000,000 and A, = 1000, then A;/4, = 1000. This
problem, however, is very stable with changes of length order one in the data (do you see why?).
If, however, A4; = 0.001 and A, = 0.000001, then A;/4, = 1000, and unit length changes in the
data will cause large changes in the solution. In addition to just the condition number, the
absolute size of the singular values is important, especially compared to the size of the possible
noise in the data.

In order to gain a better understanding of the origin of the instability, one must consider
the structure of the G matrix itself. For the present example, inspection shows that the columns,
or rows, of G are very nearly parallel to one another. For example, the angle between the vectors
given by the columns is 0.114°, obtained by taking the dot product of the two columns. The two
columns of G span the two dimensional data space, and hence the data resolution is perfect, but
the fact that they are nearly parallel leads to a significant instability.

It is not a coincidence, therefore, that the data eigenvector associated with the larger
singular value, u; = [0.446, 0.895]T, is essentially parallel to the common direction given by the
columns of G. Nor is it a coincidence that u,, associated with the smaller singular value, is
perpendicular to the almost uniform direction given by the columns of G. The eigenvector u;
represents a stable direction in data space as far as noise is concerned, while u; represents an
unstable direction in data space as far as noise is concerned. Noise in data space parallel to u;
will be damped by 1/4;, while noise parallel to u, will be amplified by 1/4,.

Similar arguments can be made about the rows of G, which lie in model space. That is,
v, is essentially parallel to the almost uniform direction given by the rows of G, while v, is
essentially perpendicular to the direction given by the rows of G. Noise parallel to u;, when
operated on by the generalized inverse, creates noise in the solution parallel to v;, while noise
parallel to u; creates noise parallel to v,. Thus, v, is the unstable direction in model space.

Methods to stabilize the model parameter variances will be considered in a later section,
but it will also be shown that any gain in stability is obtained at a cost in resolution. First,
however, we will introduce ways to quantify R, N, and [covy, m]. We will return to the above
example and show specifically how stability can be enhanced while resolution is lost.
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7.4 Quantifying the Quality of R, N, and [covy m]

7.4.1 Introduction

In the proceeding sections we have shown that the model resolution matrix R, the data
resolution matrix N, and the unit model covariance matrix [cov, m] can be very useful, at least in
a qualitative way, in assessing the quality of a particular inversion. In this section, we will
quantify these measures of quality, and show that the generalized inverse is the inverse that gives
the best possible model and data resolution.

First, consider the following definitions (see Menke, page 68):

M M
spread (R) =R 1||> = ZZ[ . —5, § (7.143)
=1 j=1
N N
spread (N) =[N — I||z =3 [”,-‘ -3, ]2 (7.144)
=1 j=l
and
M
size ([cov, m]) = ) [cov, m], (7.145)

i=1

The spread function measures how different R (or N) is from an identity matrix. If R (or N) =1,
then spread (R) (or N) = 0. The size function is the trace of the unit model covariance matrix,
which gives the sum of the model parameter variances.

We can now look at the spread and size functions for various classes of problems.

7.4.2 Classes of Problems
ClassI. P=N=M

spread (R) = spread (N) =0 perfect model and data resolution
size ([covy m]) depends on the size of the singular values

Class II: P=M < N (Least Squares)

spread (R) =0 perfect model resolution
spread (N) # 0 data not all independent
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size ([covy m]) depends on the size of the singular values

Class III: P =N <M (Minimum Length)

spread (R) # 0 nonunique solution
spread (N) =0 perfect data resolution
size ([covy m]) depends on the size of the singular values

Class IV: P <min(N, M) (General Case)

spread (R) # 0 nonunique solution
spread (N) # 0 data not all independent
size ([covy m]) depends on the size of the singular values

We also note that the position of an off-diagonal nonzero entry in R or N does not affect the
spread. This is as it should be if the model parameters and data have no physical ordering.

7.4.3 Effect of the Generalized Inverse Operator ngl

We are now in a position to show that the generalized inverse operator G~! gives the best
possible R, N matrices in terms of minimizing the spread functions as defined in (7.143)—
(7.144). Menke (pp. 68-70) does this for the P = M < N case, and less fully for the P =N <M
case. Consider instead, the more general derivation (after Jackson, 1972). For any estimate of
the inverse operator Gz, , the model resolution matrix R is given by

=Gz UpApV},
= BVIT) (7.146)
where B = Ggslt UpAp. From (2.23)—(2.30), each row of R will be a linear combination of the
rows of V1T3 , or equivalently a linear combination of the columns of Vp. The weighting factors
are determined by B, which depends on the choice of the inverse operator.
The goal, then, is to choose an inverse operator that will make R most like the identity
matrix I in the sense of minimizing spread (R). Define b% as the kth row of B, and d% as the kth

row of I;. We seek b% as the least squares solution to

b{ V; = d% (7.147)
IxP PxM 1xM
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Taking the transposes implies

Vp b, = dg (7.148)
MxP Px1 Mxl1

Equation (7.148) can be solved with the least squares operator [see (3.22)] as

bi = [VE Vo1V dy

= I—IVg dy
= VITJ d; (7.149)
Taking the transpose of (7.149) gives
b{ = d{ Vp (7.150)
Writing this out specifically, we have
ViV Vip
b, b, bpl=[0 -« 0 1 0 . o] T2 T T (7.151)
1 : : :
k Vi Vi Vup
Looking at (7.151), we see that the ith entry in b% is given by
bri = Vii (7.152)

That is, each element in the kth row of B is the corresponding element in the kth row of Vp. Or,
simply put, the kth row of B is given by the kth row of Vp.

Making similar arguments for each row of B gives us
B=Vp (7.153)
Substituting B back into (7.146) gives
R=VpV] (7.154)
This is, however, exactly the model resolution matrix for the generalized inverse, given in (7.65).
Thus, we have shown that the generalized inverse is the operator with the best model resolution
in the sense that the least squares difference between R and Ij; is minimized. Very similar

arguments can be made that show that the generalized inverse is the operator with the best data
resolution in the sense that the least squares difference between N and Iy is minimized.
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In cases where the model parameters or data have a natural ordering, such as a
discretization of density versus depth (for model parameters) or gravity measurements along a
profile (for data), we might want to modify the definition of the spread functions in (7.143)—
(7.144). One such modification leads to the Backus—Gilbert inverse. A modified spread function
is defined by

spread (R) = if“ Wi, j)[”,-j — 0, ]2 (7.155)

; 1

~

where W(i, j) = (i — j)?. This gives more weight (penalty) to entries far from the diagonal. It has
the effect, however, of canceling out any i = j contribution to the spread. To handle this, a
constraint equation is added and satisfied by the use of Lagrange multipliers. The constraint
equation is given by

(7.156)

M
o
1l

~.
Il
—_

This ensures that not all entries in the row of R are allowed to go to zero, which would minimize
the spread in (7.155). The inverse operator based on (7.155) is called the Backus—Gilbert
inverse, first developed for continuous (rather than discrete) problems.

7.5 Resolution Versus Stability

7.5.1 Introduction
We will see in this section that stability can be improved by removing small singular
values from an inversion. We will also see, however, that this reduces the resolution. There is

an unavoidable trade-off between solution stability and resolution.

Recall the example from Equation (7.131)
1.00 1.00 | m, | |2.00
2.00 2.01)|m,| [4.10 (7.131)
The singular values, eigenvector matrices, generalized inverse, and other relevant matrices are
given in Equation (7.139).

One option is to arbitrarily set A, =0. Then P is reduced from 2 to 1, and

0.446
U, = (7.157)
0.895
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0.706

V, = 0700 (7.158)

. [05 05
R=V,V/ = 05 05 (7.159)

. [02 04
N=U,Ul= o4 08 (7.160)
G-V ATUT = 0.099 0.199 6l
e TPTPTE 0,100 0.200 (7.161)
foov. m]=V, A%V, = 0.0496 0.0498 7162

u 0.0498 0.0500

.. [1016

m,=G,'d= Lo20 (7.163)
and

d=Gm_= 2.04 7.164
=M T 408 (7.164)

First, note that the size of the unit model covariance matrix has been significantly
reduced, indicating a dramatic improvement in stability in the solution. The model parameter
variances are order 0.05 for data with unit variance.

Second, note that the fit to the data, while not perfect, is fairly close. The misfits for d;
and d, are, at most, 2%.

Third, however, note that both model and data resolution have been degraded from
perfect resolution when both singular values were retained. In fact, R now indicates that the
estimates for both m; and m; are given by the average of the true values of m| and mj;. That is,
0.706m; plus 0.709m, is perfectly resolved, but there is no information about the difference.
This can also be seen by examining Vp, which points in the [0.706, 0.709]T direction in model
space. This is the only direction in model space that can be resolved.

Recall on page 165 that when d, was changed from 4.1 to 4.0, the solution changed from
[-8, 10]T to [2, O]T. The sum of m; and m, remained constant, but the difference changed
significantly. If d; is changed from 4.1 to 4.0 now, the solution is [0.998, 1.000]T, very close to
the solution with d, = 4.1.
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In some cases, knowing the sum of m; and m, may be useful, such as when m gives the
velocity of some layered structure. Then knowing the average velocity, even if the individual
layer velocities cannot be resolved, may be useful. In any case, we have shown that the original

decomposition, with two nonzero singular values, was so unstable that the solution, while
unique, was essentially meaningless.

The data resolution matrix N indicates that the second observation is more important than
the first (0.8 versus 0.2 along the diagonal). This can be seen either from noting that the second
row of either column of G is larger than the first row, and Up is formed as a linear combination

of the columns of G, or by looking at Up, which points in the [0.446, 0.895]T direction in data
space.

Another way to look at the trade-off is by plotting resolution versus stability as shown on
the next page:

T
£
()]
decreasing P
~ 8
£ %
25 2
S = best?
& £
L
o
S
<

large size ([cov m]) small
(smaller = better)

As P is decreased, by setting small singular values to zero, the resolution degrades while
the stability increases. Sometimes it is possible to pick an optimal cut-off value for small
singular values based on this type of graph.

7.5.2 R, N, and [covy m] for Nonlinear Problems

The resolution matrices and the unit model covariance matrix are also useful in a

nonlinear analysis, although the interpretations are somewhat different than they are for the linear
case.
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Model Resolution Matrix R

In the linear case the solution is unique whenever R = I. For the nonlinear problem, a
unique solution is not guaranteed, even if R = 1. In fact, no solution may exist, even when R = 1.
Consider the following simple nonlinear problem:

m? =d, (7.165)

With a single model parameter and a single observation, we have P = M = N. Thus, R =T at
every iteration. If d; = 4, the process will iterate successfully to the solution m; = 2 unless, by
chance, the iterative process ever gives m; exactly equal to zero, in which case the inverse is
undefined. However, if d; is negative, there is no real solution, and the iterative process will
never converge to an answer, even though R = 1.

The uniqueness of nonlinear problems also depends on the existence of local minima. It
is always a good idea in nonlinear problems to explore solution space to make sure that the
solution obtained corresponds to a global minima. Take, for example, the following case with
two observations and two model parameters:

m‘l‘ + m% =2 (7.166)
m?+mj =2 (7.167)

This simple set of two nonlinear equations in two unknowns has R =1 almost everywhere in
solution space. By inspection, however, there are four solutions that fit the data exactly, given by
[my, mp]T = [1, 117, [1, =117, [-1, 1]T, and [-1, —1]T, respectively.

To see the role of the model resolution matrix for a nonlinear analysis, recall Equations
(4.13)—(4.17), where, for example,

Ac = GAm (4.14)

and where Ac is the misfit to the data, given by the observed minus the predicted data, Am are
changes to the model at this iteration, and G is the matrix of partial derivatives of the forward
equations with respect to the model parameters. If R =1 at the solution, then the changes Am are
perfectly resolved in the close vicinity of the solution. If R # I, then there will be directions in
model space (corresponding to V) that do not change the predicted data, and hence the fit to the
data. All of this analysis, of course, is based on the linearization of a nonlinear problem in the
vicinity of the solution. The analysis of R is only as good as the linearization of the nonlinear
problem. If the solution is very nonlinear at the solution, the validity of conclusions based on an
analysis of R may be suspect.

Note also that R, which depends on both G and the inverse operator, may change during

the iterative process. For example, in the Equation (7.167) above, we noted that R = I almost
everywhere in solution space. At the point given by [my, my]T = [0.7071, 0.7071]T, you may
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verify for yourselves that all four entries in the G matrix of partial derivatives are equal to 1. In
this case, P is reduced from 2 to 1. The next iteration, however, will take the solution to
somewhere else where the resolution matrix is again an identity matrix. The analysis of R is thus
generally reserved for the final iteration at the solution. At intermediate steps, R determines
whether there is a unique direction in which to move toward the solution. Since the path to the
solution is less critical than the final solution, little emphasis is generally placed on R during the
iterative process.

The generalized inverse operator, which finds the minimum length solution for Am, finds
the smallest possible change to the linearized problem to minimize the misfit to the data. This is
a benefit because large changes in Am will take the estimated parameter values farther away
from the region where the linearization of the problem is valid.

Data Resolution Matrix N

In the linear case, N = I implies perfectly independent (and resolved) data. In the
nonlinear case, N = I implies that the misfit Ac, and not necessarily the data vector d itself, is
perfectly resolved for the linearized problem. If N # I, then any part of the misfit Ac that lies in
Uy space will not contribute to changes in the model parameter estimates. In the vicinity of the
solution, if N = I, then data space is completely resolved, and the misfit should typically go to
zero. If N # I at the solution, then there may be a part of the data that cannot be fit. But, even if
N =1, there is no guarantee that there is any solution that will fit the data exactly. Recall the
example in Equation (7.165) above where N = I everywhere. If d; is negative, no real solution
can be found that fits the data exactly.

As with the model resolution matrix, N is most useful at the solution and less useful
during the iterative process. Also, it should always be recalled that the analysis of N is only as
valid as the linearization of the problem.

The Unit Model Covariance Matrix [cov, m]

For a linear analysis, the unit model covariance provides variance estimates for the model
parameters assuming unit, uncorrelated data variances. For the nonlinear case, the unit model
covariance matrix provides variance estimates for the model parameter changes Am. At the
solution, these can be interpreted as variances for the model parameters themselves, as long as
the problem is not too nonlinear. Along the iterative path, and at the final solution, the unit
covariance matrix provides an estimate of the stability of the process. If the variances are large,
then there must be small singular values, and the misfit may be mapped into large changes in the
model parameters. Analysis of particular model parameter variances is usually reserved for the
final iteration. As with both the resolution matrices, the model parameter variance estimates are
based on the linearized problem, and are only as good as the linearization itself.

Consider a simple N = M = 1 nonlinear forward problem given by
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d=m'" (7.168)

The inverse solution (exact, or equivalently the generalized inverse) is of course given by

m=d (7.169)
These relationships are shown in the figures on the next page.

Suppose we consider a case where d™® = 1. The true solution is m = 1. A generalized

inverse analysis leads to a linearized estimate of the uncertainty in the solution, [cov, m], of 9.
This analysis assumes uncorrelated Gaussian noise with mean zero and variance 1. If we use
Gaussian noise with mean zero and standard deviation o = 0.25 (i.e., variance = 0.0625) then
[cov m] = 0.5625. The simple nature of this problem leads to an amplification by a factor of 9
between the data variance and the linearized estimate of the solution variance.

Now consider an experiment in which 50,000 noisy data values are collected. The noise
in these data has a mean of 0.0 and a standard deviation of 0.25. For each noisy data value a
solution is found from the above equations. This will create 50,000 estimates of the solution.
Distributions of both the data noise and the solution are shown in the figures after those for the
forward and inverse problems in Equations (7.168)—(7.169).

Note that due to the nonlinear nature of the forward problem, the distribution of solutions
is not even Gaussian. The mean value, <m>, is 1.18, greater than the “true” value of 1. The
standard deviation is 0.84. Also shown on the figure is the maximum likelihood solution myyg,
as determined empirically from the distribution.

The purpose of this example is to show that caution must be applied to the interpretation
of all inverse problems, but especially nonlinear ones.
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Forward and Inverse Problems
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