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Introduction

One of the major goals of petrology is to retrieve values of the intensive parameters,
such as pressure (P), temperature (T) and fluid composition, under which the major
mineralogical properties of a rock were established, along with the time scales of
evolution of the mineralogical properties. The basic approach in the retrieval of the
intensive properties involves comparison of the mineralogical assemblages and the
mineral compositions of the rock with the phase equilibrium constraints. The latter are
calculated from the internally consistent thermochemical properties of the
stoichiometric end members or determined in the laboratory on relatively simple
systems, usually involving only the end-member phases, and then corrected for the
effects of the compositional departures as observed in a specific natural assemblage. In
addition, many mineral pairs (e.g. garnet and biotite) respond to changes of P–T

conditions, especially temperature, by continuous ion exchange reactions, and thus
register the P–T condition or P–T history of the rock in their compositions. The ion-
exchange reactions are also calibrated in the laboratory on relatively simple systems,
but require corrections for the effects of additional components that enter into solid
solution in the minerals in natural environments. The corrections for the compositional
effects rely critically on the thermodynamic mixing properties of the components in the
mineral solid solutions and fluid phase which are involved in a specific reaction (e.g.

Ganguly & Saxena, 1987). There has, thus, been a sustained effort over the last few
decades on the determination of thermodynamic mixing properties of phases in
geologically important systems.

In this review, I will summarise the general concepts of thermodynamic solution
theory and a number of macroscopic models that have been used in the treatment of
experimental data on mineral solid solutions. Some of the solution models were
originally developed for polymer and liquid solutions, but are also applicable to oxide
and solid solutions. For reasons of both time and space, I have not included order-
disorder theory specifically, although some aspects of the thermodynamics of minerals
showing such behaviour may also be treated within the framework of the models
discussed in this review, as will be pointed out in the appropriate sections. I have
assumed that the reader has a working knowledge of thermodynamics, including the
fundamentals of thermodynamic solution theory. Thus, only a brief discussion of the
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solution theory has been included in this review in the spirit of recapitulation and re-
emphasis of some of the important points. The presentation of the topics follows a
systematic order in that the concepts presented in a particular section builds on what has
been presented in the preceding sections. The primary aim here has been to convey the
general physical ideas and thermodynamic concepts underlying various mixing models.
Consequently, in many cases the reader will have to consult the appropriate references
cited to find the equations that are needed for the use of a specific model, or derive these
equations following the methods that I have outlined.

To conform to the modern usage of terminologies (e.g. Hillert, 1998), and also for
the sake of brevity, Gibbs free energy will be referred to as Gibbs energy and a partial
molar quantity as simply a partial quantity. In the following list of symbols, the old
terminologies are shown within the parentheses.

Selected list of symbols and abbreviations:

ai and ai
0 activity of the component i in a solution and in the pure state, respectively

D diffusion coefficient
G and Gm total and molar Gibbs (free) energy of a solution, respectively
Gi partial (molar) Gibbs (free) energy of a component i
�G0(rec) the standard state Gibbs (free) energy change of a reciprocal reaction
L Avogadro’s number
ni and N number of moles of the component i and the total number of moles of

components in a solution, respectively
Q activation energy of diffusion
qi contact factor of the component i in the quasi-chemical formulation
Xi mole fraction of a macroscopic component i
Xij a binary mole fraction defined by the normal projection of a 

multicomponent composition onto the binary join i–j

Xi
� a compositional function used to express the activity of a component i

X composition
�j atomic fraction of j within a crystallographic site (usually specified by a

left superscript, e.g. I�j)
�ji local mole fraction of a component j around a central component i
�Ym

xs an excess molar property of a solution
�Ym

mix a molar property of mixing of a solution
Yi

* and Y i
0 a property at the standard state and at the pure state, respectively, of the 

component i
Z nearest neighbour coordination number of a central atom within a 

sublattice
� i
� activity coefficient of a component i related to the compositional function

X i
�, i.e. � i

�= ai/� i
�

�i and � (i) activity coefficient of the component i
µi and µ(i) chemical potential of the component i
� standard deviation.
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�i site fraction of the component i in a polymer solution
�i local volume fraction of the component i

Ab albite (NaAlSi3O8)
An anorthite (CaAl2Si2O8)
CaTs calcium-Tschermak pyroxene (CaVIAlIVAlSiO6]
Di diopside (CaMgSi2O6)
En enstatite (MgSiO3)
Grs grossular (Ca3Al2Si3O12)
Kfs potassium feldspar (KAlSi3O8)
Ol olivine
Prp pyrope (Mg3Al2Si3O12)
Spl spinel

DQF Darken’s quadratic formulation
NRTL non random two liquid model
QC quasi-chemical model
UNIQUAC universal quasi-chemical model

Thermodynamics of solutions: a brief outline

In this section, I will present a brief summary of the thermodynamic formalisms relating
to the properties of a solution so that the subsequent sections can be followed in a self-
contained manner. For more detailed discussions, the reader is referred to Ganguly &
Saxena (1987) and Hillert (1998).

Gibbs–Duhem relation and partial quantities

At a constant P–T condition, the Gibbs energy (G) of a solution is given by

G = �niµi, (1)

where ni and µi are, respectively, the number of moles and chemical potential of the
component i. Thus,

dG = �nidµi + �µidni. (2)

Now, since we also have

dG = – SdT + VdP + �µidni, (3)

where S and V are the total entropy and total volume of the solution, respectively, we
obtain, on equating, at constant P–T condition, the right hand terms of the last two
equations

�nidµi = 0 (4a)

or

�Xidµi = 0, (4b)
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where Xi is the mole fraction of the component i. This expression, which is known as
the Gibbs–Duhem relation, provides a relationship among the change of chemical
potentials of the components in a solution at constant P–T condition.

The partial property, Yi (e.g. partial volume Vi), of a component in a solution at a
fixed composition (X) is the rate of change of the corresponding total property of the
solution, Y (e.g. total volume, V), with respect to the change of the number of moles of
that component when P, T and the number of moles of all other components are held
constant. The chemical potential, µi, of a component at a fixed P–T condition is
equivalent to its partial Gibbs energy, Gi. However, using Equations 1 and 4b (i.e. the
Gibbs–Duhem relation), and some manipulations (e.g. Darken & Gurry, 1953), the
chemical potential of a component in a binary solution can be expressed in terms of the
molar Gibbs energy, Gm, as

. (5)

A relation analogous to Equation 5 also holds for a multicomponent solution if the
derivative of Gm with respect to the Xi is taken at constant P,T and constant relative
amounts of all components other than i, i.e. at constant Xj : Xk : Xl : … (Darken, 1950).
This multicomponent expression is often referred to as the Darken equation, and has
been applied by Sack & Loucks (1985) and Ghiorso (1990) to the problems of
multicomponent mineral solid solutions.

An alternative to the Darken equation for the derivation of partial properties in a
multicomponent solution is due to Hillert (e.g. Hillert 1998), which is as follows

(6a)

or, collecting the first derivative term within the summation,

(6b)

Here the derivative terms with respect to the atomic fraction of a component are taken
at either constant atomic fractions of all other components, or of all other (n – 2)
independent components in an n component system. The equivalence between the two
procedures follows from the fact that if one component, say the n-th component, is
chosen to be the dependent component, then 

, (7)

where the subscripts outside the parentheses refer to the atomic fractions of the specified
components (i.e. i 	 Xi), and j' refers to the atomic fractions of all other components
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except those of i and n. Here Y is any property which is a function of the Xi-s. For the
derivation of partial properties in a multicomponent system, Hillert’s expression is
simpler to deal with than Darken’s (and is incorporated in the commercial Thermo-Calc
program for phase equilibrium calculations: http://www.thermocalc.se).

Similar expressions also hold for other partial quantities. Thus, in general, we can
replace µi and Gm by the generalised partial property, Yi, and the generalised molar
property, Ym, respectively.

Activity and standard state

The chemical potential of a component (i) at a given pressure, temperature and
composition of the solution is expressed as 

µi(P,T,X) = µi
*(P*,T,X*) + RTlnai

= µi
*(P*,T,X*)+ RTln(X i

�� i
�).

(8)

Here µi
*(P*,T,X*) is the chemical potential of the component i at the temperature of

interest and at some reference pressure (P*) and composition (X*) of the solution, ai

is the activity of the component i in solution at the specified P–T–X condition, X i
�is

a conveniently chosen compositional function, and � i
� is the corresponding activity

coefficient. X i
�� 1, and is defined completely by the content of the component i in

the solution. Note that X i
� is not necessarily the atomic fraction of Xi, but is related

to it in such a way that X i
�= Xi at the terminal compositions, i.e. at Xi = 0 and 1.0.

For example, in a solid solution of the type (A,B,…)m(C,D,…)nP, an appropriate
expression of the activity of the component AmCnP is [(��)

m(�C)n]� (AmCnP), as
discussed below, where � stands for the site fraction of the specified species. In this
case X i

�(where i 	 AmCnP) stands for the entire compositional term within the square
bracket.

The state defined at (P*,T,X*) is usually called the standard state. According to
Equation 8, the explicit expression or magnitude of � i

�depends on the choice of standard
state of the component and the compositional function X i

�. This is because of the fact
that µi (P,T,X) is an absolute quantity so that only two of the three parameters on the
right hand side of Equation 8 may be chosen independently. It also follows from this
equation that the activity of a component in its standard state is unity.

Laws of dilute solutions

In the dilute range, the activity of a solute (i) that is actually present in a solution is
found to obey Henry’s law, which may be stated as follows.

LtXi� 0, ai = KHXi, (9)

where KH is a constant at a fixed P–T condition. If i represents a strong electrolyte
(e.g. HCl, which dissociates almost completely to H+ and Cl– in aqueous solution),
then Xi in the above expression is replaced by (Xi)

n, where n is the number of species
to which the solute dissociates (e.g. as XNaCl � 0, aNaCl � (XNaCl)

2) (see Ganguly &
Saxena, 1987, for the proof).
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In the compositional range in which the activities of all solute components obey
Equation 9, the solvent (j) activity obeys Raoult’s law, which may be stated as

LtXj� 1, aj = aj
0(P,T)Xj, (10)

where aj
0(P,T) is the activity of the pure component at the P–T condition of interest.

It is unity when the standard state of the component i is chosen to be the state of pure
component at the P–T condition of interest.

Consider now a two-site (I and II) solid solution of the type I(A,B,…)m
II(C,D,…)nP,

e.g. garnet: (Fe,Mg,…)3(Al,Cr,…)2Si3O12. In this case, as Xj � 1, the activity of the
molecular component AmCnP (	�j) will approach [(1�A)m(II�C)n], when pure AmCnP at
the P–T condition of interest is chosen to be the standard state of the molecular
component, i.e.

LtXj� 1, aj = [(1�A)m(II�C)n] 	 Xj
�� (11)

Although Henry’s law and Raoult’s law were proposed independently, one follows from
the other because of the Gibbs–Duhem relation (Eqn. 4b).

Mixing and excess functions

Using Equations 1 and 8, one obtains the following expression for the molar Gibbs
energy, Gm, of a solution.

Gm = �Xiµi

�+ RT�XilnXi
�+ RTXiln� i

�

= �Xiµi

�+ �Gm
mix.

(12)

The first term on the right represents a mechanical mixing term of the standard state
chemical potentials, whereas �Gm

mix represents the deviation of the molar Gibbs energy
of the solution from that of the mechanical mixture. Imposing the laws of dilute
solutions (Eqns. 9 and 10) on the above relation, it can be shown (e.g. Ganguly &
Saxena, 1987) that the G vs. X curve must be convex downwards near the terminal
regions (dG/dXi� –��as Xi� 0).

A solution is said to be thermodynamically ideal when � i
�= 1 for all components.

Thus, the Gibbs energy of an ideal solution is always less than that of the mechanical
mixture of the end-member components. The difference between the Gibbs energy of a
real solution and that of an hypothetical ideal solution is known as the excess Gibbs
energy of mixing of the solution, �Gm

xs. Thus, we have

�Gm
xs = RT�Xiln� i

�. (13)

The other properties of a solution follow from Equation 12 through appropriate
thermodynamic operations, viz., H = (�G/T)/�(1/T), S = –�G/�T and V = �G/�P (note
that since G = H – TS, it is not necessary to differentiate G to derive both H and S).
Thus, one obtains the following expression for the molar entropy of mixing in an
ideal solution

�Sm
mix(ideal) = – R�XilnXi

�. (14)
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By definition, the quantity RTln�i represents the excess chemical potential (or
excess partial Gibbs energy) of the component i. Consequently, from the definition of a
partial property

. (15)

In terms of the molar property, we can obtain RTln�i from Equation 5, or its
multicomponent extension due to Darken (1950), and from Equation 6 on simply replacing
Gm by �Gm

xs. The latter operation is more convenient for a multicomponent solution.

Reciprocal solutions

Let us now consider a two-site (I and II) solid solution such as I(A,B)m
II(C,D)nP in which

there is no stoichiometric relation between the substitutions in the two sites, that is the
ratio A/B is independent of the ratio C/D. This type of solutions are known as reciprocal

solutions. An example is the two-site garnet solid solution (Fe,Mg)3(Al,Cr)2Si3O12, where
the inert part Si3O12 corresponds to P. The molar Gibbs energy of such a two-site binary
reciprocal solution may be expressed using the reference surface illustrated in Figure 1
(Hillert & Staffansson, 1970; Wood & Nicholls, 1978; Hillert, 1998) according to

Gm = [�A�CG0(AmCnP) + �B�CG0(BmCnP) + �A�DG0(AmDnP) 

+ �B�DG0(BmDnP)] + [mRT I(��iln�i) + nRT II(��iln�i)] + �Gm
xs ,

(16)

where the summation is carried out separately for each site indicated by a left hand
superscript. The collection of terms within the second square brackets represents
–TSmix(ideal). This approach of representing Gm of a reciprocal solution with reference
to the Gibbs energies of the end-member compounds, whether these compounds are real
or hypothetical, has been called the compound energy model by Hillert and co-workers
(e.g. Andersson et al., 1986; Hillert, 1998).
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Fig. 1. Illustration of the Gibbs free (G0) surface defined by the mechanical mixtures of end-member
components in a two-site binary reciprocal solid solution, (A,B)m(C,D)nP. The bounding binaries define the
G

0 for the mechanical mixtures of end members in one-site solution. The ruled surface is non-planar.



Assuming that the interactions within each site are ideal, in which case �Gm
xs in

Equation 16 is zero, the chemical potential of an end-member component in a binary
reciprocal solution is given by

µ(AmCnP) = µ0(AmCnP) + �G0(rec)(1 – �A)(1 – �C) + mRTln(�A) + nRTln(�C),
(17)

where µ0(AmCnP) is the Gibbs energy of the pure component AmCnP at the P–T condition
of interest and �G0(rec) is the Gibbs energy change of the homogeneous reciprocal
reaction

AmCn + BmDn = AmDn + BmCn. (18)

(It is obvious that in Equation 17, the standard state of a component is assumed to be
the state of the pure component at the P–T condition of interest.)

Equation 17 was first derived by Flood et al. (1954), and has subsequently been
derived by others (e.g. Blander, 1964; Hillert & Staffansson, 1970; Wood & Nicholls,
1978; Hillert, 1998). This equation, and its extension to multisite-multicomponent
solution, can be derived in a systematic way by using Equation 6, and carrying out the
differentiations for the appropriate components within each sublattice (Wood &
Nicholls, 1978; Sundman & Ågren, 1981; Hillert, 1998). Thus, for example, using
Equation 6b, we have for the component AmCnP in the two-site solution,

, (19)

where the last summation is carried over both sublattices (the corresponding expression
using Equation 6a should be obvious).

Equation 17 highlights an important property of a reciprocal solution, i.e. it
behaves non-ideally (in the sense that the chemical potential of a component cannot be
determined completely from a knowledge of the content of that component in the
solution), even when the interactions within the individual sites are ideal. Comparing
Equations 8 and 17, we then write the following expression of the activity coefficient of
the component AmCnP, when the intrasite interactions are ideal:

RTln� (AmCnP)rec = �G0(rec)(1 – �A)(1 – �C), (20)

where the subscript rec is used to highlight that this is a component of the overall
activity coefficient that is simply due to the reciprocal nature of the solution. The above
equation may be written in a general form as

RTln� (im jnP)rec = ± (1 – �i)(1 – �j)�G0(rec), (21)

where the positive sign holds when im jnP is a reactant component, and the negative
sign holds when it is a product component of the reciprocal reaction.
Multicomponent extension of the above expression can be found in Wood & Nicholls
(1978) and Hillert (1998), or derived from Equation 19 following the procedure
outlined above.
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Comparing the statistical-mechanical and thermodynamic derivations of the activity
of a component in a reciprocal solution, Førland (1964) suggested that the entropy change
of a reciprocal reaction should be very small, which implies that the �G0 of a reciprocal
reaction should be quite insensitive to temperature change. This fact was utilised by
Liermann & Ganguly (1999) to model the (reciprocal) effect of the variation of Al/Cr ratio
in spinel on the (Fe,Mg) fractionation between orthopyroxene, (Fe,Mg)SiO3, and spinel
(Fe,Mg)(Al,Cr)2O4. Natural data on the Fe–Mg distribution coefficient, KD(Fe–Mg),
between olivine, (Fe,Mg)2SiO4, and spinel show a systematic variation with Cr/(Cr+Al)
content of spinel in an isothermal suite of metamorphic rocks (Evans & Frost, 1975). These
data show a linear relation between lnKD vs. �Cr(spinel) that can be derived by expressing
the activity coefficients of FeAl2O4 and MgAl2O4 components in spinel according to
Equation 21, and assuming ideal mixing between Fe and Mg in both spinel and olivine
(Ganguly & Saxena, 1987), viz., RTlnKD = RTlnK + �G0(rec)XCr(Spl) where KD =
(Mg/Fe2+)Ol/(Mg/Fe2+)Spl, where K is the equilibrium constant of the exchange reaction
Fe2+–Ol + Mg–Spl  Mg–Ol + Fe2+–Spl.

When the sites behave non-ideally, the overall activity coefficient of a component
has to be expressed by a combination of Equation 21 and additional terms reflecting the
non-ideal interactions within the individual sites including their mutual inter-
dependence. The reason for the cross interactions between the sites in a solid solution
may be appreciated by noting that the bond distance within site I may be affected by a
change of composition in site II, and vice versa.

Ionic solution model

The classical and statistical thermodynamic basis of the so-called ionic solution model,
which has been used extensively in the treatment of mineral solid solutions, was discussed
in detail by Ganguly & Saxena (1987). Thus, only a brief exposition of the model is given
in this section. It should be noted at the outset that all expressions for the activity of a
component are equivalent as long as these are based on the same standard state of the
component. The explicit expression of the activity coefficient of a component in a
solution, therefore, depends on the form of the activity expression. The ionic solution
model provides a rational approach towards the development of such expressions.

Single-site solutions

The ionic solution model for a solid solution involving substitution in a single type of
site may be illustrated by considering a solution such as olivine, (Fe,Mg)2SiO4.
According to this model, the activity of an end-member component, AmF (e.g. Mg2SiO4)
is given by

a(AmF) = (�A�A)m, (22)

where �A is the atomic fraction of A within its specific site, and �A is the activity
coefficient of the ion A reflecting non-ideal interactions with other ions within the same
site. �A may be viewed as the activity coefficient of the normalised component AF1/m

(e.g. MgSi0.5O2). Note that �A equals the mole fraction of the molecular component AmF
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(e.g. �Mg = X(Mg2SiO4) in olivine). A simple justification of this relation lies in the
expression for the configurational entropy of mixing, which can be derived from the
Boltzmann relation (e.g. Ganguly & Saxena, 1987), assuming the simplest possible model
for the distribution of atoms, namely that these are distributed randomly in the solid
solution within their structural sites. For a solution of the type (A,B,…)mP, this relation is

�Sm(conf) = – mR��iln�i

= – R��iln(�i)
m.

(23)

Comparing the above equation with the simplest thermodynamic expression for the
entropy of mixing, namely that of an ideal solution as given by Equation 14, we obtain

Xi
�= (�i)

m. (24)

Thus, in general,

a(AmP) = (XA
��A
�) = (�A�A)m, (25)

which yields the ideal behaviour, a(AmP) = (�A)m, as X(AmP) � 1.

Reciprocal and disordered solutions 

Comparing Equation 17 with the expression of µ(AmCnP), written in terms of the
activity of the component AmCnP, i.e.

µ(AmCnP) =µ0(AmCnP) + RTlna(AmCnP), (26)

we obtain for a reciprocal solution with ideal intrasite interactions

a(AmCnP) = [(�A)m(�C)n]�(AmCnP), (27)

where � (AmCnP) is given by Equation 21. If, however, the intrasite interactions were
non-ideal, but the sites behave independently of one another, then we could write (Wood
& Nicholls, 1978)

� (AmCnP) = [(I�A)m(II�C)n]exp[± (1 – �A)(1 – �C)(�G0(rec)/RT)], (28)

where the sign convention is the same as in Equation 21. The interdependence between
the mixing properties in the two sites would require additional terms, or may be
absorbed in some cases within the site activity coefficient terms.

As discussed by Ganguly (1982) and Ganguly & Saxena (1987), the above
equations are also applicable to solid solutions of the type I(A,B)m

II(A,B)nP in which the
species A and B disorder or fractionate between the structural sites I and II. An example
of this type of solution is orthopyroxene, M1(Fe,Mg)M2(Fe,Mg)Si2O6, in which Fe and
Mg disorder between the two non-equivalent octahedral sites, M1 and M2 (Ghose,
1982). (The state of the Fe–Mg disordering in orthopyroxene is an important indicator
of the cooling rates of the host rocks, e.g. Ganguly et al., 1982.) In the absence of
adequate data on the thermodynamic mixing properties, it has been a common practice,
however, to express the activity of an end-member component in such a disordered two-
site solid solution in terms of what has been known as two-site ideal model, i.e.

a(AmAnP) = (I�A)m] (II�A)n. (29)
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By comparing with Equations 27 and 28, it should be noted that this expression not only
implies that I�A = II�B = 1, but also that �G0(rec)/RT = 0. In addition, because of
stoichiometric relation between the atomic fraction of A in the bulk crystal, XA, and
within the two sites, i.e. XA = p(I�A) + q(II�A), where p = m/(m + n) and q = (1 – p), the
right hand term of Equation 29 is � XA, the equality holding only in the case of complete
disorder, i.e. when I�A = II�A. Thus, an activity expression in terms of two-site ideal
model implies a negative deviation from ideality for the mixing of the macroscopic
components, i.e. a(AmAnP) < XA. For example, the often used expression a(MgSiO3) =
(M1�Mg)

1/2(M2�Mg)
1/2 for orthopyroxene solid solution, M1(Fe,Mg,…)0.5

M2(Fe,Mg,…)0.5,
implies that a(MgSiO3) < XMg, which is not compatible with the available calorimetric
and phase equilibrium data (Stimpfl et al., 1999).

Coupled substitutions

There are many solid solutions that require coupled substitutions of ions in order that
the macroscopic electrical neutrality can be preserved. An example is plagioclase
feldspar, which has the end-member components NaAlSi3O8 and CaAl2Si2O8, involving
the coupled substitution (Na+Si4+)  (Ca2+Al3+). When local electroneutrality is
maintained in the solution, a replacement of Na+ by Ca2+ is accompanied by a
replacement of the nearest neighbour Si4+ by Al3+ in the tetrahedral site. In this case, the
expression for the activity of an end-member component (e.g. NaAlSi3O8) in terms of
the ionic solution model should consider X in Equation 22 as the mole fraction of the
coupled species (e.g. XNaSi), and equate the exponent m to the number of moles such
species per mole of the solid solution. Thus, recasting the formula for plagioclase solid
solution as (NaSi,CaAl)(AlSi2O8),we have 

a(Ab) = XNaSi�NaSi 	 XAb�Ab. (30)

The interested reader is referred to Ganguly & Saxena (1987) for further discussion on
this problem, especially when the substitution of Na for Ca2+ is partly or completely
decoupled from the substitution in the tetrahedral site at relatively high temperature.

One-site binary mixing models

The mixing models described in this section apply to solid solutions in which the
substitutions are restricted to one site or in which the substitutions in different sites
are coupled so that a site atomic fraction equals a molecular fraction, such as in the
case of the plagioclase solid solution. When the solid solution involves independent
multiple site substitutions, such as in garnet, the mixing properties within each site
may also be treated in terms of the models described in this section. The different
solution models deal with the different types of representation of the excess
thermodynamic quantities as functions of composition. The fundamental expression
is that of �Gxs

m as a function of composition, from which all other excess
thermodynamic properties may be derived through standard thermodynamic
operations, as discussed above (e.g. Eqns. 14 and 15). I will first deal with binary
solutions and then ternary and higher order solutions.
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Guggenheim or Redlich–Kister, Simple Mixture and Regular Solution models

Guggenheim (1937) suggested that the molar excess Gibbs energy of mixing of a binary
solution may be represented by the polynomial expression,

�Gm
xs = X1X2[A0 + A1(X1 – X2) + A2(X1 – X2)

2 + ….], (31)

where the A’s are constants at a fixed P–T condition. This polynomial satisfies the
requirement that Gm

xs must vanish at the terminal compositions (i.e. X1 = X2 = 0). Operating
on this relation according to Equation 5, and noting that RTln�i = �Gi

xs, we have

RTln�1 = X2
2[A0 + A1(3X1 – X2) + A2(X1 – X2)(5X1 – X2) + …] (32a)

and

RTln�2 = X 1
2[A0 – A1(3X2 – X1) + A2(X2 – X1)(5X2 – X1) + …]. (32b)

These expressions for the activity coefficients were first derived by Redlich & Kister
(1948) and are usually referred to as Redlich–Kister relations. Somehow, even the
Guggenheim polynomial is often referred to as the Redlich–Kister expression of excess
Gibbs energy, which does not seem justified (this is possibly due to the fact that these
authors recommended an extension of the Guggenheim polynomial to the ternary
system, as discussed below).

When the A constants with odd subscripts, A1, A3 etc. are zero, the �Gm
xs becomes

symmetric with respect to composition, and are, thus, called symmetric solutions by
Guggenheim (1967). The simplest functional form of a nonideal solution is the one in
which all but the first constant in Equation 31 is zero. In this case, �Gm

xs has a parabolic

symmetry with respect to composition. Guggenheim (1967) called this type of solution
a Simple Mixture, as it represents the simplest form of deviation from ideality.
Conventionally, A0 is replaced by the symbol W or WG when the solution behaves as a
Simple Mixture so that, according to the last two equations

�Gm
xs = WGX1X2, (33)

and

RTln�i = WG(1 – Xi)
2, (34)

where i is either component 1 or 2 (see Eqn. 51 for the microscopic interpretation of W) 
The dependence of WG on P and T are given, respectively, by

, (35)

. (36)

Hildebrand (1929) introduced the term Regular Solution for the type of solutions
which obey Equation 33, but in which the interaction parameter WG is independent of P
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and T. Thus, a regular solution is a special class of a simple mixture with ideal volume
and entropy of mixing. However, this distinction is not strictly followed in modern
usage in that any solution which obeys the functional form of Equation 33 is often
referred to as regular solution. I will also use the term regular solution in the sense of
simple mixture. Following Thompson (1967), WG is commonly decomposed into
enthalpic (WH), entropic (WS) and volumetric (WV) terms. It can be shown that

. (37)

Assuming WV to be independent of P, the last term is often written as a PWV term in
geological literature, since, usually P >> 1 bar under geological conditions. The
temperature dependence of WH and WS is related to the excess heat capacity of mixing,
which is due to non-linear change of vibrational properties as a function of composition.
Due to an extreme paucity of heat capacity data for solid solutions, the WH and WS terms
are almost invariably assumed to be constants. However, as shown by Vinograd (2001)
from analysis of spectroscopic data in Prp–Grs and Di–CaTs solid solutions, there could
be significant temperature dependence of these parameters.

When the thermodynamic mixing properties of solid solutions appear symmetrical
with respect to composition, or show moderate deviation from symmetric behaviour, these
are usually fitted by regular or subregular (see below) solution models. However, the data
are rarely good and sufficient enough to permit discrimination if the symmetry is truly
parabolic in nature. Recently, Stimpfl et al. (1999) carried out a detailed study, by single
crystal X-ray diffraction, of the distribution of Fe2+ and Mg between the non-equivalent
octahedral sublattices, M1 and M2, in essentially binary orthopyroxene solid solution,
(Fe,Mg)SiO3, as a function of temperature. From these data, they calculated the �Smix of Fe
and Mg, assuming that the distribution is random within each sublattice. Their results show
that the �Smix is essentially symmetric with respect to composition, but the relation is not
parabolic. Instead, the best fit to the data requires two even parameters, A0

s and A2
s, in

Guggenheim’s polynomial expression, where the superscript s denotes terms related to the
expression of �Sm

xs, when expressed according to the form of Equation 31.

Subregular model

This is the simplest model for asymmetric solutions, and has been used most
extensively in the petrological and mineralogical literature. It represents a simple
extension of the regular solution model by making the parameter WG in Equation 33 a
simple function of composition as

WG(SR) = W G
21X1 + W G

12X2 (38)

so that

�Gxs(SR) = (W G
21X1 + W G

12X2)X1X2, (39)

where SR implies subregular, and WG
ij is a function only of P and T. It is obvious that

near the terminal regions X1 = 1 and X2 = 1, WG(SR) is approximated by W G
21 and W G

12,

bar bar
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respectively. Thus, the subregular model is simply a weighted average of two regular
solution models fitted to the data near the two terminal segments of a binary solution.
Each subregular WG

ij may also be decomposed according to Equation 37.
The subregular formulation follows from Guggenheim’s polynomial expression

for �Gm
xs, Equation 31, by truncating it after the second term and using the identity

A0 = A0(X1 + X2), which yields

�Gm
xs(SR) = [(A0 + A1)X1 + (A0 – A1)X2]X1X2 . (40)

On substitution of W G
12 and W G

21 for the collection of constants within the first and second
set of parentheses, respectively, Equation 40 reduces to the standard subregular form.

Darken’s quadratic formulation

Darken (1967) pointed out that when the activity coefficient of a solvent component
(say component 1) obeys the regular solution relation, as given by Equation 34, then the
Gibbs–Duhem relation (Eqn. 4b) only requires that the activity coefficient of the solute
component must obey the relation

RT ln�2 = WG(1 – X2)
2 + I, (41)

where I is an integration constant. In order that the component 2 conforms to Raoultian
behaviour (Eqn. 10) as X2� 1, the integration constant must be zero when �1 obeys the
regular behaviour over the entire range of composition. If �1 conforms to the regular
solution property over a restricted compositional range only near the terminal region 1,
then �2 will conform to Equation 41 over the same compositional range with I 
 0. Thus,
according to Equation 13, �Gm

xs near the terminal region 1 is given by,

�Gm
xs = WGX1X2 + IX2. (42)

This is known as Darken’s Quadratic Formulation (DQF).

Using Equation 12 and rearranging terms, the molar Gibbs energy of a solution
obeying DQF in the terminal region 1, where the solvent component 1 obeys regular
solution behaviour, is given by

Gm = X1G1
0 + X2(G

0
2 + I) + �Gm

mix

= X1G1
0 + X2G22' + �Gm

mix ,
(43)

where �Gm
mix has the same expression as a regular solution, viz.,

�Gm
mix = �Gm

mix(ideal) + WGX1X2 (44)

Thus, as noted by Powell (1987), a solution obeying DQF in the terminal region 1 may
be viewed as a regular solution between the real end member 1 and a hypothetical end
member whose molar Gibbs energy, G2', is given by that of the end member 2 plus the
value of the integration constant, I.

By analysing the experimentally determined activity coefficient data on a number
of liquid binary alloys, especially those in which Fe was the solvent, Darken (1967)
showed that while the solvent 1 followed regular solution behaviour up to a certain level
of addition of the solute component 2, the latter followed the relation described by
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Equation 41, with I 
 0, over the same range of concentration. From these observations,
Darken (1967) suggested that it may be possible to treat many solutions in terms of the
Quadratic Formulation in the two terminal regions, each with characteristic values of
W and I. The behaviour of the intermediate compositional region would be more
complex since it has to make the transition from the quadratic properties of one terminal
region to those of the other.

For those solutions which conform to DQF in the two terminal regions, the
intermediate region could follow a relation that is a weighted average of those of the
terminal regions in much the same way as the expression of �Gm

xs of a subregular
solution represents a weighted average of the regular solution expressions in the
terminal regions (Eqn. 39). In that case, �Gm

xs of the intermediate segment of the solution
conforming to DQF in the terminal regions (Eqn. 42) is given by

�Gm
xs(1–2) = X1[W

G
21 X1X2 + I21X2] + X2[W

G
12 X1X2 + I12X1]

= X1X2[W
G

21 X1 + W G
12X2 + I21 + I12],

(45)

where the subscript ij represents the property of the terminal region j. Note that when
Xi � 1, the �Gm

xs is given by only the Xi[…] term after the first equality in the above
expression.

Powell (1987) analysed the available molar volume data of several binary
mineral solid solutions, and showed that the data in the two terminal segments are
better described by DQF than by regular solution model. His analysis is presented
below. Using Equation 45 and the identity I = G2' – G2

0 (Eqn. 43), we obtain the
following expression for �Vmix for the terminal region 1, if the solution obeys DQF
in that region.

(46)

or

. (47)

Similarly for the terminal region 2, we have

. (48)

On the other hand, if a solution obeys the subregular behaviour over the entire
compositional range, then using Equation 39, and following the same procedure, we have

. (49))(
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Thus, if a solution obeys the subregular behaviour, then the function on the left-hand
side of the above expression should change linearly with composition. Figure 2a shows
the data for the microcline (KAlSi3O8) and low-albite (NaAlSi3O8) solid solution (Kroll
et al., 1986) plotted in the manner suggested by Equation 49. It is evident that the data
do not describe the linear relation expected from the subregular model. Figures 2b and
2c show the same volumetric data plotted according to the forms of DQF in the terminal
regions 2 (Eqn. 48) and 1 (Eqn. 47), respectively. The expected linear relations (solid
lines) are followed in the terminal regions. [However, Powell (1987) seems to have
overextended the linear relation in the terminal region 1 (Fig. 1c). A more appropriate
linear fit to the data in this region should have been one with a smaller slope and better
satisfying the data near X = 1].

In applying DQF to treat the mixing property data, one needs to be careful
about the quality of the data. Since the data are divided into three segments, two
terminal regions and one central region, there is greater flexibility in fitting the data,
which permits better conformity of relatively poor quality data to DQF than to the
subregular model. This point can be illustrated by considering the volumetric data
along the pyrope–grossular join. Powell (1987) showed that the available data are
much better described by DQF than by the subregular model. Since then, precise
volumetric data were obtained on this join by Ganguly et al. (1993) and Bosenick &
Geiger (1997). As illustrated in Figure 3, neglecting two anomalous measurements,
these data conform well to the subregular model.
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Fig. 2. Volume–composition relation of micro-
cline (KAlSi3O8)–low albite (NaAlSi3O8) solid
solution displayed according to (a) subregular
model (Eqn. 49) and (b–c) Darken’s quadratic
formulation (DQF). V represents unit cell volume
in Å3. In Figs. (b–c), the data are displayed
according to the DQF equations for the terminal
regions 2 and 1, respectively (see text). The
figure is reproduced from Powell (1987).



Quasi-chemical and related models

In the simple mixture model, the distribution of species in a solution has been
considered to be random, even though the pair-potential energies are different, thus
leading to nonzero enthalpy of mixing. However, this cannot be strictly correct since a
species would tend to be preferentially surrounded by the ones with which it has a
relatively stronger potential energy of interaction. The atomic distribution would be
effectively random at high temperature when the thermal energy per mole, RT, is
sufficiently high to prevent clustering of such species. Guggenheim (1952) sought to
remedy this logical problem with the simple mixture model by considering that in a
binary solution, the distribution of the 1–1, 2–2 and 1–2 pairs is related to the energy
change of the homogeneous chemical reaction

1–1 + 2–2 = 2 (1–2). (50)

The resultant thermodynamic mixing model is known as the quasi-chemical (QC)
model because of its appeal to a chemical reaction among the different pairs in the
solution, and representation of the equilibrium concentration of these pairs in much the
same way as the equilibrium concentration of components is expressed by an
equilibrium constant of a chemical reaction.
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From consideration of the total potential energy of a lattice consisting of 1–1, 2–2
and 1–2 pairs, and neglecting the effect of long range forces, Guggenheim (1952)
introduced an interchange energy, W, according to 

W = LZ[!12 – ½(!11 + !22)], (51)

where L is Avogadro’s number, Z is the nearest neighbour coordination number of the
atom 1 or 2, and !ij is the potential energy of interaction between the species i and j.
Here the term Z represents the coordination number of an atom within its specific
sublattice instead of the usual polyhedral coordination number around a central atom.
For example, in the solid solution between NaCl and KCl, each alkali atom has six
nearest neighbour Cl atoms (and vice versa). However, in Equation 51, Z must be
taken as 12, which represents the number of nearest neighbour alkali atoms
surrounding a central alkali atom in the crystal structure. WH in the simple mixture

model is exactly the same as the interchange energy defined above. It should be noted
that although Guggenheim neglected the effects of long range forces in the derivation
Equation 51, inclusion of these forces leads to a similar expression (see Vinograd,
2001), except that the Z[..] term is replaced by �Z(k)[!12

(k) – ½(!11
(k) + !22

(k))], where the
summation is carried out over k-nearest pairs (i.e. 1st nearest, 2nd nearest, 3rd nearest,
and so on). The contribution of the distant pairs may be important even though the
energy of interaction may decrease rapidly with distance since Z(k) could increase
rapidly with distance (Vinograd, pers. comm.).

In order to account for the mixing of molecules or atoms of different sizes,
Guggenheim (1952) also introduced parameters known as contact factors, q, which
represent the geometrical relation of an atom to another atom of different type in a nearest
neighbour site. The contact factors have the property that q1/q2� 1 as either contact factor
tends to unity. (One can think of a number of relations between q1 and q2 that would satisfy
this limiting property. For example, Green (1970a) assumed q1/q2 = 1, whereas Fei et al.
(1986) assumed q1 + q2 = 1. Both relations satisfy the required limiting behaviour of the
ratio q1/q2.) Guggenheim (1952) showed that the deviation from a random distribution of
the species is given by a parameter ", which is defined as

, (52)

where # is related to the contact factors according to 

(53).

As the solution approaches a random distribution, i.e. W/RT � 0, " � 1, whereas for
positive (W > 0) and negative (W < 0) deviations from ideality, " > 1 and < 1,
respectively.

Within the above framework, Guggenheim (1952) derived the following QC
expression for the molar excess Gibbs energy of mixing in a binary solution.
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. (54)

Using H = �(G/T)/�(1/T), one then has

. (55)

The �Sm
xs can be derived from the relation G = H – TS.

The unknown parameters, q and W, for a binary system can be retrieved from
phase equilibrium or enthalpy of mixing data, if the quasi-chemical model provides an
adequate analytical representation of the data. From an analysis of NaCl–KCl solvus
data, Green (1970a) showed that qNa+/qK+ nearly equals the ratio of the cationic radii or
molar volumes of the two end members. However, Fei et al. (1986) failed to find any
such relation between the ratio of the retrieved contact factors and molar volumes of the
end members in the pyrope–grossular, diopside–Ca-Tschermak and diopside–enstatite
solid solutions.

Modifications and extensions of the quasi-chemical theory have been suggested by
Abrams & Prausnitz (1975), Green (1970a), Powell (1983) and Pelton & Blander
(1986). The Abrams–Prausnitz modification, which is known as the universal quasi-
chemical theory or UNIQUAC, involves only two adjustable parameters for a binary
solution and seems to have a wide range of applicability for liquid solutions. Its success
for solid solutions has not yet been tested. In the classic QC theory, the extrema in both
enthalpy and entropy of mixing appearing for the negative deviation from ideality
(which favours the formation of 1–2 pairs) are at X1 = X2 = 0.5, whereas such extrema
often occur at other compositions in real systems. (In a binary system, �Hmix exhibits
negative deviation from ideality with a “V” shaped form, whereas �Smix shows an
inverted “W” form in which the sagging of the central portion depends on the degree of
ordering; see Vinograd, 2001, Fig. 11.) This problem with the location of extrema was
remedied using a semi-empirical approach in the modification proposed by Pelton &
Blander (1986). Powell (1983) also discussed the incorporation of asymmetry in the QC
formulation. Green (1970a), who was the first to apply QC model to mineralogical
systems, developed an expression of �Gxs/RT for the QC model as a power series of
W/RT and of a function of the contact factors. The simple mixture or the regular solution
model follows in a straightforward way as a special case of Green’s equation. It shows,
as discussed by Ganguly & Saxena (1987), that in order for the QC model to reduce to
the simple mixture model, not only should W/RT be small, but also the species 1 and 2
should be sufficiently alike in shape and size so that their contact factors, q1 and q2, are
also similar. However, the magnitude of W/RT and the dissimilarity of the contact
factors must be intrinsically related in that W/RT cannot be a small quantity unless the
mixing units are sufficiently alike.

The simple mixture (or regular solution) and QC models follow as zeroth and first
approximations, respectively, of a powerful approach developed by Kikuchi (1951),
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which is known as the cluster variation method. This method was applied by Burton &
Kikuchi (1984a, 1984b) to treat order-disorder in CaCO3–MgCO3 and Fe2O3–FeTiO3

solid solutions. An extended quasi-chemical model was developed by Truskinovskiy et

al. (1987) to successfully treat order-disorder relations in a variety of mineral solid
solutions. Vinograd (2001) discussed in detail the cluster variation method and applied
it to garnet and pyroxene solid solutions.

Athermal, Flory–Huggins, Wilson and NRTL (non-random two liquid) models

The statistical thermodynamic study of Fowler & Rushbrooke (1937) and calorimetric
measurements of Meyer and co-workers (e.g. Meyer & van der Wyk, 1944) showed that
molecules of different size and shape mix with a significant non-random distribution or
non-ideal entropy effect even when �Hmix = 0. This type of solution is known as an
athermal solution. Athermal behaviour is closely approximated, but not followed
exactly, by several polymer solutions in which the components differ in size but have
very similar energetic properties. However, as emphasised by Ganguly & Saxena
(1987), mineral solid solutions are not expected to show this type of behaviour as
substitutions of atoms of different size invariably lead to nonideal enthalpic effects
owing to the distortion of the lattice and nonlinear change in the bonding energies.
However, athermal solutions offer a starting point for the development of models which
have been successfully used to treat mineral solid solutions. 

It was shown independently by Flory (1941, 1944) and Huggins (1941) that the
entropy of mixing resulting from the non-energetic solution of a polymer component (2)
in a monomer solvent (1) is given by 

�Sm
mix = – R(X1ln31 + X2ln32), (56)

where 31 and 32 are the fraction of sites occupied by the solvent and the polymer,
respectively. If there are N1 molecules of the solvent and N2 molecules of the polymer,
and there are p segments in a polymer molecule, then

, (57)

where N1 + pN2 are the total number of sites in the solution. It is assumed that each lattice
(or quasi-lattice) site is occupied by either a solvent molecule or a polymer segment.
When a lattice site is occupied by a polymer segment, the adjacent sites are occupied by
the rest of the segments so that each polymer molecule occupies p lattice sites.

Wilson (1964) extended the Flory–Huggins formulation to include the mixing
of molecules which differ not only in size but also in their energetic properties.
This extension involved calculation of the relative probabilities of finding
molecules of the two components around a central molecule or atom, say of the
type i, taking into account the energies of interaction of the i–j and i–i pairs, and
from that deriving expressions for the local volume fractions of the components
around the central component. Wilson assumed that the ratio of the “local mole
fractions” of the components i and j around a central component i is given by
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, (58)

where Eij is the molar interaction energy between i and j. The local volume fraction
of a component around a central component of the same type is then given by

, (59)

where Vi and Vj are the molar volumes of the components i and j, respectively.
Wilson used these local volume fractions in place of the overall site fractions in the
Flory–Huggins expression (Eqn. 56). This procedure leads to

(60)

with

(61a)

and

. (61b)

It should be noted that the local volume fractions in Wilson’s formulation do not
always add up to unity (Prausnitz et al., 1986). Also the Wilson expression has no rigorous
theoretical justification, but is rather an intuitive extension of the Flory–Huggins
formulation to account for the energetic effects on mixing. However, it has been
successfully applied to many binary systems (Orye & Prausnitz, 1965), and seems to have
some appeal in the treatment of multicomponent solutions as discussed later. On the other
hand, there are two important formal limitations of the Wilson expression (Wilson, 1964;
Prausnitz et al., 1986). First, it cannot produce a maximum in the ln� vs. X relation. Second,
no values for the parameters 412 and 421 can be found that produce phase separation or
unmixing, that is produce a ‘hump’ (or a convex upwards segment) in the Gm vs. X curve
(which is always convex downwards near the terminal regions). In other words, there are
no values of these parameters which satisfy the condition �2Gm/�Xi

2 < 0. Thus, if the
solution has a miscibility gap, the application of the Wilson equation must be restricted to
the P–T–X domain where the solution is continuous.

Renon & Prausnitz (1968) modified Wilson’s formulation so that it can produce
phase separation by introducing a correction factor, 512, as a multiplier of the energy
terms in Equation 58. This model, which is known as the Non Random Two Liquid

Model (NRTL), leads to the following expression for �Gm
xs
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where

. (63)

Expressions for the other thermodynamic excess functions can be derived from
Equation 62, and are given in Prausnitz et al. (1986).

When 512 = 0, Gij = 1, and also the ratio of the local mole fraction reduces to that
of the bulk mole fractions (Eqn. 58). Under this condition, the �Gm

xs in the NRTL model
reduces to

�Gm
xs = �E(X1X2), (64)

where, using E12 = E21,

�E = 2E12 – (E11 + E22) (65)

Equation 64 is formally similar to the regular solution expression, Equation 33.
However, �E reduces to the expression for W in terms of pair potential energies, as
given by Equation 51, only if Eij = Z/2(L!ij), where Z is the number of nearest
neighbours of the components i and j around a central component of i or j. Thus, Eij

should be treated as a quantity proportional to the pair potential energy between i and j.
By comparing the NRTL and QC models, Renon & Prausnitz (1968) suggested that 512

should be similar to 1/Z. Consequently, 512 should be < 1. However, as discussed later,
the value of 5 retrieved from experimental mixing property data on mineral solid
solutions sometimes depart very significantly from the expected value of 1/Z.

Comparison of one-site binary mixing models

Fei et al. (1986) applied the Guggenheim, Subregular, QC, Wilson and NRTL models
to several binary mineral solid solutions for which calorimetric data for �Hmix were
available. These are diopside–Ca-Tschermak (Di–CaTs), diopside–enstatite (Di–En),
pyrope–grossular (Prp–Grs) and anorthite–albite (An–Ab) solid solutions. The Wilson
equation was found to give a much worse fit to the data than the other models, whereas
the Guggenheim polynomial using three constants, A0, A1 and A2, had the best overall
fit. The other three models also produced quite good fits to the data with the NRTL
model giving a slightly better fit. The 5 value for the NRTL model varied between 0.05
and 0.30, but did not show any correlation with the number of nearest neighbour cations
around a central cation in a solid solution series. For example, in both Di–En and
Prp–Grs solid solutions, each divalent cation has two nearest neighbour divalent
cations. From the analysis of Renon & Prausnitz (1968), as discussed above, the
expected value of 5 is 0.50, which is similar to the fitted value of 0.30 for the Prp–Grs
solid solution, but much different from that for the Di–En solid solution, which is 0.05. 

Green (1970b) showed that while the phase diagram of the NaCl–KCl solid
solution may be fitted well by both subregular and quasichemical models, the retrieved
thermodynamic properties from the two different models were quite different. The �Hxs

and �Sxs values recovered from the fitted subregular parameters were much larger than
the measured values, while those recovered from the fitted QC parameters were much
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closer to the latter. Thus, the success of fitting a limited amount phase equilibrium data by
a given model does not guarantee that the extracted thermodynamic mixing properties are
correct. One must simultaneously treat as large a data set as available, and also evaluate if
the theoretical basis of the model is appropriate for the specific solid solution being
modelled. Thus, for example, although the NRTL model provides a good fit to the �Hxs

data for the Di–En solid solution, the fact that the retrieved value is grossly different from
the value expected from theory may be a warning about the inadequacy of the NRTL model
for this solid solution.

Multicomponent solutions

An important practical problem in solution thermodynamics lies in the formulation of
the method of prediction of the properties of multicomponent solutions from those of
the bounding binaries. The problem has been discussed by a number of workers earlier
(e.g. Jiran & Jacob, 1983; Hillert, 1980, 1998; Cheng & Ganguly, 1994) to which the
interested reader should refer for more extensive discussions. There have been two
common approaches in the development of multicomponent excess Gibbs energy
models. One is to begin with an appropriate polynomial function to represent �Gm

xs of
the multicomponent solution, and then truncate it after a certain number of terms, which
leads to special forms for �Gm

xs for the bounding binaries. The other approach is to
combine the binary excess free energies according to certain empirical schemes. These
approaches, which have been called respectively the “power series multicomponent

models” and “projected multicomponent models” by Cheng & Ganguly (1994), are
discussed below.

I will refer to a multicomponent solution by the nature of its most asymmetric
binary. For example, a subregular multicomponent solution is the one for which the
most asymmetric binary has subregular behaviour. I will first discuss solution models
which deal with mixing within a single structural site, and then a method of combination
of mixing within the individual sites to express the multisite mixing properties.

Power series multicomponent models

One of the earliest and most successful multicomponent models is that due to Wohl
(1946, 1953), who introduced a power series expression for �Gm

xs of a ternary solution.
Wohl’s ternary expression is as follows

. (66)

Subsequently, power series ternary and quaternary expressions were developed by
several workers in the geochemical literature, viz. Anderson & Lindsley (1981), Berman
& Brown (1984), Helffrich & Wood (1989) and Mukhopadhyay et al. (1993). However,
Cheng & Ganguly (1994) showed that all these expressions are either equivalent to
Wohl’s ternary expression or represent its extension to quaternary solution. They also
developed a power series quaternary expression following Wohl’s ternary formulation,
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and showed that upon truncating it after the third degree terms (i.e. those that contain
three-suffix constants reflecting three-component interactions), the excess Gibbs energy
of mixing can be expressed as

, (67)

where Cijk is a ternary interaction term, as defined below, the WG-s are the binary
interaction parameters, and Xji and Xij are the projected mole fractions of the
components j and i, respectively, in the binary join i–j. These binary mole fractions are
obtained by the normal projection of the multicomponent composition onto that join.
Analytically, Xij is given by ½(1 + Xi – Xj). It is interesting to note that the first right
hand term in the above expression represents a summation of �Gm

xs of the subregular
bounding binaries at compositions that are at the shortest distance from the
multicomponent composition. Furthermore, a quaternary or higher order solution does
not involve a quaternary or higher order term when the binaries have sub-regular
behaviour (this conclusion was also independently reached by Jordan et al., 1950;
Helffrich & Wood, 1989; and Mukhopadhyay et al., 1993). Using Equations 67 and 15,
one can obtain the expression for the activity coefficient of a component in a
multicomponent subregular solution (see Cheng & Ganguly, 1994).

In terms of the coefficients of the power series expression, the binary subregular
parameters are given by (Wohl, 1946; Cheng & Ganguly, 1994)

Wij = aij + aiij and Wji = aij + aijj, (68)

whereas the ternary term represents

Cijk = ½(2aijk – aiij – aijj – aiik – aikk – ajjk – ajkk). (69)

Here the ‘a’ terms are related to the interactions of the subscripted species. Now, if
aiij = aijj, then Wij = Wji, and consequently the first right hand term of Equation 67
reduces to a combination of binary excess free energies with regular solution behaviour.
However, under this condition, that is the equivalence of three body interactions
between two species, Cijk = [aijk – (aiij + aiik + ajjk)], which is not necessarily equal to zero.
Thus, in general, �Gm

xs of a ternary or higher order regular solution may not equal that
obtained by the summation of the subsidiary binaries. However, it is likely that when
the binaries conform to a regular solution, the Cijk terms are small. This is an intuitive
suggestion in the sense that a ternary regular solution should involve a smaller number
of higher order terms than a ternary subregular solution.

[It should be noted that the so-called ternary term of Berman & Brown (1984) is
not the ternary interaction term Cijk defined above, which we will call Cijk(Wohl), but
represents the first term within the square bracket of Equation 66, that is one-half of the
sum of the binary interaction terms. The Cijk term of Mukhopadhyay et al. (1993) is also
not the Cijk(Wohl), but stands for the collection of terms within the square brackets of
Equation 66. Also note that their Wijk = – Cijk(Wohl).]
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Redlich & Kister (1948) utilised Guggenheim’s polynomial for binary solution
(Eqn. 31) to express �Gm

xs of multicomponent solution. Their expression, which is
commonly referred to as the Redlich–Kister model, involves summation of the binary
�Gm

xs plus multicomponent correction terms, i.e.

�Gm
xs = �XiXj(�Gm

xs)ij + multicomponent correction terms, (70)

where (�Gm
xs)ij is calculated at Xi and Xj from Equation 40 (note that these are total

atomic or mole fractions of the components in the multicomponent system). The
Redlich–Kister model has enjoyed popularity in the metallurgical literature (e.g. Hillert,
1998). However, it should be noted that it is equivalent to the Wohl model as long as the
bounding binaries follow regular or subregular behaviour (Cheng & Ganguly, 1994), i.e.
when the constant terms higher than A1 are zero in the polynomial expression of the
binary excess free energies (Eqn. 31).

Projected multicomponent models

Several schemes have been proposed for combining the binaries to predict the
multicomponent behaviour with or without involving multicomponent interaction
terms. These methods, which are due to Kohler (1960), Colinet (1967), Muggianu et al.

(1975) and Bonnier & Caboz (1965, quoted in Hillert, 1998), are illustrated in Figure 4.
Their expressions for the �Gm

xs in a ternary solution have been summarised by Hillert
(1998), and are, thus, not repeated here. The method of shortest distance suggested by
Muggianu et al. (1975), which is usually referred to as the Muggianu method, was also
suggested independently by Jacob & Fitzner (1977). We will, thus, refer to this model
as the Muggianu–Jacob model. The expression for �Gm

xs given by Bonnier & Caboz
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Fig. 4. Schematic illustration of the “Projected Multicomponent Models” for a ternary system. The �G
xs
m of a

ternary solution is calculated by combining the Gxs
m of the terminal binaries at the projected compositions.



(1965) was modified later by Toop (1965) in order that the ternary �Gm
xs appears as a

summation of the �Gm
xs in the binaries when the latter have regular solution behaviour,

i.e. �Gm
xs(ternary) = �XijXji�(Gm

xs)ij where Xij and Xji are the shortest distance binary
compositions from the ternary compositional point. The modified Bonnier–Caboz
formulation is often referred to as Toop’s method in the literature. The primary
motivations behind the different projected multicomponent formulations is the
prediction of the multicomponent behaviour from only the binary properties, that is to
somehow ‘absorb’ the effects of multicomponent interactions within the scheme of
combination of the binaries.

Toop’s method is an asymmetric formulation in that it treats one component
(component 1 in Fig. 4d) differently from the other two. Thus, this method ought to be
applied only to ternary systems where one component has a distinctly different property
from the other two. For example, Pelton & Blander (1986) used a modified QC
formulation for the silicate slag system SiO2–CaO–FeO in which the method of
combination of binaries is analogous to that of Toop’s method. They chose SiO2 as the
special component 1, since it is an acidic component while the other two are basic
components. The predicted ternary properties from combination of the binary data were
found to be in good agreement with the experimental data. For solid solutions, one may
also be able to identify a component which behaves quite differently from the others.
For example, in aluminosilicate garnet, (Fe,Mg,Ca)3Al2Si3O12, Ca is the most nonideally
mixing component, while Fe and Mg mix nearly ideally (e.g. Ganguly et al., 1996).
Thus, Ca may be treated as the unique component in the asymmetric formulation.

The expression of �Gm
xs obtained for a multicomponent subregular solution

(Eqn. 67) using the power series approach of Wohl (1946) involves a combination of
binary excess Gibbs energies at compositions that are at the shortest distance from the
multicomponent composition. This is exactly the method of combination of the binaries
suggested in the Muggianu–Jacob projected multicomponent model (Fig. 4b). Thus,
there seems to be an independent theoretical justification in the scheme of the
combination of binaries in this model. It was found (Jacob & Fitzner, 1977; Jacob, pers.
comm.) that for metallic systems the shortest distance method predicts the ternary �Gm

xs

somewhat better than the other methods. However, the quality of agreement between the
predicted and measured ternary values becomes worse with increasing non-ideality of the
binaries, especially when a binary �Gm

xs exceeds 15 kJ/mole, implying increasing
importance of the higher order terms.

Estimation of higher order interaction terms

In principle, it is impossible to determine the multicomponent interaction terms from
only the binary data. The higher order interactions specific to a given model can only
be determined from comparison of the predicted multicomponent behaviour from the
binary data with the multicomponent properties determined experimentally. It is,
however, doubtful if experimental data are going to be sufficient for such purpose in the
foreseeable future, at least for systems of geological interests. A viable alternative
would be to determine the binary and multicomponent enthalpic properties from the
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crystallographic data and pair potential energies of the ions participating in the solid
solutions (e.g. Ottonello, 1992). Since there are a large body of crystallographic data for
a variety of rock-forming mineral solid solutions in both binary and multicomponent
systems, it may be possible to use this approach to at least approximately evaluate the
relative magnitudes of the higher order terms in the different multicomponent
formulations. One may, thus, determine the effectiveness of the different approaches in
predicting the multicomponent behaviour from only binary data.

From theoretical analysis, Cheng & Ganguly (1994) developed a method of
approximation of the Cijk term (Eqn. 67) in the special case that one of the binaries, j–k,
behaves nearly ideally. Ilmenite series, (Mg,Fe,Mn)TiO3, and garnet series,
(Ca,Fe,Mg)3Al2Si3O12, are examples of this type of solid solution. In both cases, the last
two components mix nearly ideally (Shibue, 1999; Ganguly et al., 1996). Indeed, Fe2+

and Mg mix with small deviation from ideality in all ferromagnesian silicates for which
the thermodynamic mixing properties are known (Ganguly & Saxena, 1987). Thus, this
approximation scheme should be applicable to ternary joins of rock-forming minerals
involving Fe2+–Mg as one of the subsidiary binaries. The method is as follows.

, (71)

where �ij = 0 when i � j, and �ij = 1 when i 
 j. For garnet, this method predicts CCaMgFe

to be of the order of a kJ per cation-mole of the ternary garnet solid solution. This is
consistent with the conclusion of Berman & Koziol (1991), based on the analysis of
natural and experimental phase equilibrium data involving garnet solid solutions.

Multicomponent property without multicomponent terms

The Wilson, NRTL, QC and UNIQUAC formulations have been extended to
multicomponent solutions without requiring any multicomponent term. These extensions,
which can be found in Prausnitz et al. (1986) and Pelton & Blander (1986), have special
appeal in that the calculation of the multicomponent properties requires knowledge of only

the binary properties. However, it remains to be tested how well these formulations predict
the behaviour of multicomponent silicate and oxide solid solutions.

Using only the binary mixing parameters, Shibue (1999) applied both the ternary
Wilson and Margules (which is the same as Wohl’s) formulations to the (Fe,Mn,Mg)TiO3

solid solution to evaluate which one predicts the behaviour of the ternary solution better.
He utilised the data on cation exchange between aqueous chloride solution and the three
binary solid solutions in this system to derive binary cation mixing properties in the solid
solution, assuming the chloride solution to be ideal. Of the three binaries, the Fe2+–Mn2+

join was found to be nearly ideal. From the retrieved binary mixing data, Shibue (1999)
calculated the ternary mixing properties, and from them the compositions of aqueous
chloride solutions in equilibrium with ternary solid solutions of various compositions.
The predicted compositions of the chloride solution were then compared with the
experimental data of Kubo et al. (1992) on the equilibrium compositions of coexisting
solid and chloride solution. Shibue (1999) found that the sum of the distances (�di)
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between the predicted and observed ternary chloride solution using Wilson’s
formulation for the solid solution is 0.0094, compared to that of 0.0127 using Wohl’s
formulation with only the binary terms. He, thus, concluded that the prediction of
ternary behaviour from the Wilson formulation is better than that from Wohl’s
formulation. However, incorporation of the ternary parameter in Wohl’s formulation
according to Equation 71, which can be calculated from the binary data, leads to very
similar quality of prediction of the ternary property as that obtained from the Wilson
formulation (Shibue, pers. comm.).

One problem with the above analysis of the relative merits of the two models is
that the values of �G0 of the binary solid–fluid exchange reactions that are retrieved
from the experimental data depend on the adopted binary mixing models for the solids.
However, in principle, �G0 is a unique quantity. In addition, the retrieved values of �G0

depend on whether the sum of the values for the three binaries have been constrained to
be zero, as there are only two independent binaries, or whether these are derived solely
from the best fit to the binary data. The resultant variation of �G0 leads to changes of
the correlated binary parameters and, hence, in the quality of prediction of ternary
properties. For example, the subregular parameters retrieved from the constraint that

��G0(binaries) = 0 are somewhat different from those that are derived simply from best
fits to the binary data, and used in Shibue (1999). The first set leads to a poorer
prediction of the ternary properties (�di = 0.0154) compared to those from the second
set (�di = 0.0099) (Shibue, pers. comm.).

Barron (1976) compared the predictive success of the ternary properties in the
system Ab–Kfs–An at 900 °C according to Wohl’s and Kohler’s model using only the
binary terms. In this ternary system, there is a large solvus in the An–Kfs binary, and
continuous solid solution in the two other joins at 900 °C. Both models predict the
experimentally determined ternary solvus at 900 °C quite closely. Ottonello (1992) also
found that Wohl’s and Kohler’s models have comparable predictive abilities of ternary
properties from the binary data.

Solid solutions with multi-site mixing

Hillert (1998) suggested the following expression to represent the �Gxs
m of a two-site

binary reciprocal solution, I(A,B)b
II(C,D)c, for which �Gm is given by Equation 16.

�Gm
xs = �A�B�CIAB:C + �A�B�DIAB:D + �C�D�AICD:A + �C�D�BICD:B, (72)

where �A is the atomic fraction of the species A in the site I, IAB:C is the interaction
parameter between A and B in the site I when site II is completely filled by C, ICD:A is the
interaction parameter between C and D in the site II when site I is completely is filled by
A, and so on. The above expression allows different behaviour of �Gm

xs within a specific
sublattice depending on the nature of the species occupying the other sublattice, or in other
words, different �Gm

xs on opposite sides of the compositional square illustrated in Figure 1.
For example, when �C = 1, �Gxs = �A�BIAB:C, but when �D = 1, �Gxs = �A�BIAB:D. Each site
parameter, IAB:C and so on, may be expressed according to the Guggenheim or the so-called
Redlich–Kister form, that is, by the expression within the square bracket in Equation 31,
truncating it after the appropriate number of terms, as demanded by the data. Extensions of
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this approach to multiple sublattices and multiple components have been discussed by
Hillert (1998) (and is incorporated in the commercial computer program Thermo-Calc:
http://www/thermocalc.se, which has been used extensively for the calculation of phase
diagrams).

Concluding remarks

I have summarised above the physical ideas and the basic theoretical structure for a
variety of solution models that have been used to treat the thermodynamic properties of
mineral solid solutions. These models are also applicable to melts. It may be possible to
fit a limited body of data by more than one-solution models equally well, but �Hmix and
�Smix predicted by the different models could differ quite significantly. It is, therefore,
important to examine the theoretical basis of the solution models in such cases and to
ensure, as much as possible, compatibility of the adopted solution model with the known
microscopic properties of the solid solution (e.g. short range ordering; compatibility of
the retrieved fitting parameters with their expected values from theory such as discussed
in the section on “comparison of one-site binary mixing models”).

From the results of the comparative studies, as discussed above, Guggenheim’s
polynomial (Eqn. 31) or the so-called Redlich–Kister formulation seems to offer a simple
and flexible model for binary solid solutions, although in some specific cases another
model, especially QC model when there is short range order, may work better. Use of the
Guggenheim polynomial for the binaries affords an additional advantage in the treatment
of reciprocal solid solutions in terms of the form suggested by Hillert (1998), because the
�Gxs

m in this expression reduces to the form �i�j[..] for the terminal binaries. Binary
solutions obeying DQF can also be incorporated in this scheme by defining a solution
between a real component and a hypothetical component (Eqn. 43). Finally, if one is to use
only the binary terms to predict the multicomponent properties, then the “shortest distance
method” of combining the binaries (Fig. 4c) is probably the overall best method because of
the theoretical justification, as discussed above. The asymmetric Toop method could be
advantageous where there is a component with a distinctly different property.

There is currently a great paucity of experimental data on the multicomponent
mixing properties of rock-forming minerals which have been routinely used for thermo-
barometric and other phase equilibrium calculations. These types of data are needed to
understand the nature of the higher order terms and the method of combination of
binaries to predict the multicomponent properties from the binary data. In many
important systems, adequate binary data are also lacking. The lack of sufficient well-
constrained experimental data has led to a proliferation of empirically adjusted
formulations of a given geothermometer or a geobarometer. An example is the
garnet–biotite Fe2+–Mg exchange thermometer, for which there are approximately 20
different empirical or semi-formulations to take into account the nonideal mixing
effects of additional components, especially in biotite.

With the advancement of diffusion kinetic modelling of compositional zoning of
rock-forming minerals, such as garnet and pyroxene, to retrieve the time scales of
metamorphic processes (e.g. Spear, 1995; Ganguly et al., 2000) there is now an
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increased need for accurate thermometric formulations. This is because of the expo-
nential dependence of the diffusion process on temperature (D � exp(–Q/RT)), so that
a small error in temperature estimate translates into a large error in the retrieved time
scales. The problem is especially acute in minerals such as garnet and pyroxene, which
have a relatively large activation energy, Q, of diffusion (Ganguly & Tazzoli, 1994;
Ganguly et al., 1998). In addition, resolution of many large-scale tectono-metamorphic
problems relies on the precision of thermo-barometers from which a spatial distribution
map of P–T conditions of metamorphism is produced (e.g. Neogi et al., 1998). The
extraction of thermodynamic properties of silicate melts, which have wide ranging
applications, from solid-melt phase equilibrium data requires reliable data on the
thermodynamic properties of the solid solutions. Mutual compatibility of the thermo-
dynamic properties of the melt and solid phases is necessary, but not sufficient, for the
successful prediction of melt properties beyond the range of experimental phase
equilibrium data from which these were extracted.

In view of the wide ranging applications of thermodynamic properties of solid
solutions to geological problems, it is hoped that there will be a major effort to provide
experimental data that would tightly constrain the properties of multicomponent rock-
forming minerals and lead to improvements in the theoretical formulations relating the
binary and multicomponent properties. However, because of their compositional
complexity, it may be a long time before we have adequate experimental data to
sufficiently constrain the thermodynamic properties of some important mineral solid
solutions. It is, therefore, necessary to improve our understanding of the microscopic
basis of thermodynamic nonideality of solid solutions so we can make appropriate
approximations where adequate experimental data are not available. A microscopic
understanding is also important to evaluate the quality of, and discriminate among,
conflicting experimental results.
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